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Preview

This chapter introduces the Lebesgue integral, which is an integral with respect to a measure.
In particular, expected values of random variables are defined in the Lebesgue sense. We first
highlight the 3-step constructions of Lebesgue integrals for integrable functions. We then
discuss different modes of convergence of random variables — almost sure convergence, LP
convergence, and convergence in probability. We then introduce the fundamental convergence
theorems of integrals, monotone convergence and dominated convergence.

Key topics in this chapter:

1. Expected values as Lebesgue integrals;
2. Constructions of Lebesgue integrals;

3. Convergence of random variables;

4. Convergence of integrals.

1 Lebesgue and Riemann Integrals

Let (Q, F, 1) be a measure space, and p be a o-finite measureE]. Let f: (Q,F) — (R, B(R))
be a measurable function. We want to construct the Lebesgue integral of f with respect
to pu, denoted by

u(h) = [ 1) du)

In particular, if 4 = P is a probability measure, and X : (2, F) — (R, B(R)) is a random
variable, the Lebesgue integral of X with respect to P is called the expected value of X,
denoted by

E[X] = /Q X (w) dP(w).

'Recall that a measure is o-finite if there exists a collection {A,}5, C F with U2, A4, = Q, and
1(A,) < oo for each n € N. In particular, a finite measure (e.g., probability measure) is also o-finite.



When Q = [a, b] for some a < b, F = B([a,b]), and u = A, the Lebesgue measure, we also
write the Lebesgue integral of a function f with respect to A as

[ rwaw = [ s

In elementary calculus courses, the expression fab f(x) dx often refers to the Riemann integral,
which is defined as follows:

Definition 1.1 (Riemann Integral) Let f : [a,b] — R be a bounded function. A
partition P = {xg, x1,...,2,} of [a,b] satisfies a = 2y < 21 < -+ <z, = b. Define

A{[;i =T; — Tj—1, m; = inf f(l'), Mz - sup f(l')

zE€[Ti_1,24] z€[Ti—1,%;5)

Then the lower and upper Riemann sums are given by
L(f,P):= ZmiAxi, U(f,P):= ZMzA«'Ez
i=1 i=1

We say f is Riemann integrable on [a, b] if

—oo < sup L(f, P) = irlng(f,P) < 00,
P
and in that case, we define

/b f(x)dx :=sup L(f, P) =inf U(f, P).
a P P

The Lebesgue integral is a more general integration theory that applies to a broader class
of functions and measures. In particular, every Riemann integrable function is Lebesgue
integrable, and the two integrals agree when both are defined. However, the converse is not
true. We present a famous example of function that is not Riemann integrable on [0, 1], but
we will show in the sequel that it is Lebesgue integrable.

Example 1.1 Define f : [0,1] — R by f(z) = lg(z). For any partition P =
{zo,x1,...,2,}, using the density of rational numbers, we must have m; = 0 and M; =1
for any ¢ = 1,...,n. Hence,

0=supL(f,P) <infU(f, P)=1.
P P

Hence, f is not Riemann integrable. This is because f has infinitely (despite countably)
many discontinuities.



2 Construction of Lebesgue Integrals

We construct a Lebesgue integral of f using the following 3-step procedure:
1. f is a simple function;
2. f is a non-negative function;
3. f is a general measurable function.

The idea behind this procedure is to begin by defining the Lebesgue integral for the simplest
class of functions. We then approximate more general functions using these simpler ones, and
define the integral of the general function as the limit of the integrals of its approximations. A
similar strategy will be used later in this course when we construct stochastic integrals.

2.1 Simple Functions

Recall that a measurable function f : (2, F) — (R, B(R)) is called simple if it can be written

as
n

f(x) = aila(z), (1)

i=1
where ay,...,a, €R, Ay,... A, € F,and A;,NA; = 2.

The Lebesgue integral for a simple function is defined as follows.

Definition 2.1 Let f : (Q,F) — (R,B(R)) be a simple function taking the form ().
Then, the Lebesgue integral of f with respect to p is defined as

[ s@ina) = Y ana).

1=

Below are some properties of Lebesgue integrals for simple functions. We use the short-
hand notation [ fdu to denote [, f(z)du(x).

Proposition 2.1 Let f and g be two simple functions. The following properties hold:
1. for any a,b € R, [(af +bg)du=a [ fdu+b [ gdu;
2. if f > g pra.e, then [ fdu > [ gdp;
3. if f =g prace, then [ fdu= [ gdu;
4 | fdul < [ |fldp.

T00]. 1. efinition, it is clear that | a =a an = . Hence,
Proof By defi lear that [afdp=a [ fdpand [bgdu=10b[gdu H



2.2

Next,
ji-a.e.

it suffices to show that [(f + g)du = [ fdu+ [ gdu. Let

n

f(iU):Za,-ILA( and g(x Zb 1p,(x

i=1
Let a, = by = 0, Ag := UJL, B; \ Ui, A; and By := Ui, A; \ U7X, B;. Then,

n m

f(l') + g(x) = Z(az + bj)]lAmBj <$>

i=0 j=0

Note that A; N B; are pairwise disjoint, U_gA4; = UL B; = (UL, 4;) U (UL, B;),
U;n:o(x4Z N B]) = Ai) and U;Z()(Az n BJ) = Bj. Hence,

@)+ gt szb (AnB)

=ZazZuA N B;) Zb Zn: (AiN B))
_ Z aipt(A;) + Z bju(B;)

n

ZZ +ZW

/ F()d( / 9(x)dpu(2).

. By the definition of Lebesgue integral, it is clear that [ @du > 01if ¢ > 0 p-a.e. Using

this and the first property, [ fdu= [(f—g)du+ [gdp > [gdu, since f—g=¢ >0
p-a.e.

f =g p-a.e. means f > g p-a.e. and g > f p-a.e. Using the second property, we have
[ fdu> [gdpand [ fdu < [ gdp, which implies [ fdu= [ gdpu.
Note that —|f] < f < |f] p-a.e. Using the second property, we have — [|f|dp <
[ fdp < [|fldp, which implies | [ f du| < [|fldu.

O

Non-negative Functions

we construct the Lebesgue integral for non-negative measurable functions f, i.e., f > 0



We first show that any non-negative function f can be approximated by a sequence of
simple functions f, such that f, < f,+1 and f, — f p-a.e. (see Section {4 for the definition
of almost-everywhere convergence). To see this, for any n € N and k& < n2", we define the
(measurable) set

L3
2n

Ay = {k_l < f(z) <

on } ) An,n2”+1 = {f(iﬁ) > n}

Then, we define f, by

Fule) = 30 () i, (0) (2

By constructions, each f,, is a positive simple function and f,, < f,, 1. This approximation
scheme is also called a dyadic approximation.

Since each f, is a simple function, we can define [ f, du. By Property 2 of Proposition

2.1, we have
0</fn ) dpa( /fnﬂ ) dpu(z).

By the monotone convergence theorem of non-negative sequence, we have

fim | (@) dua) = sup / ful() dp() € [0, 0],

n—oo neN
We define the Lebesgue integral of f as this limit:

Definition 2.2 Let f be a non-negative measurable function, and let {f,}52, be a
sequence of dyadic simple functions approximating f from below, as defined in . Then,
we define the Lebesgue integral of f by

[ s@auta) = im [ fula) duto)

The properties stated in Proposition [2.1] also hold for the Lebesgue integrals of general
non-negative measurable functions f and ¢g. This follows from approximating f and g by
sequences of simple functions {f,} and {g,}, respectively, each satisfying these properties.
By passing to the limit (using monotone convergence), the functions f and g inherit the
same integral properties.

Proposition 2.2 The properties about the integrals [ fdu and [ gdu in Proposition
still hold if f, g are non-negative measurable functions.



2.3 General Functions

Finally, we construct the Lebesgue integral for a general measurable function which is neither
positive nor simple.

To this end, define
[ (@) = max{f(x), 0} and /= := max{— f(x), 0},
which are the positive and negative part of f, respectively. Note that f*, f~ > 0, and
f = fT — f~. From the last subsection, we have constructed Lebesgue integrals for positive

functions, so that [ f*du and [ f~ dp are well-defined. These observations motivate us to
define [ fdu as follows

Definition 2.3 The Lebesgue integral of a measurable function f is defined as

/f ) dyu(a /f+ ) dyu(a /f ) dpu(a

Again, the Lebesgue integrals for general measurable functions also satisfy the properties
in Proposition [2.1]

Proposition 2.3 The properties about the integrals [ fdu and [ gdu in Proposition
still hold if f, g are general measurable functions.

2.4 Riemann Integrals vs Lebesgue Integrals

We have seen from Example that, even the space Q@ = [0,1] is compact, a bounded
measurable function may not be Riemann integrable. In contrast, a bounded measurable
function is always Lebesgue integrable. We first look at the Lebesgue integral of f = 1g in

Example [I.1]

Example 2.1 Continuing from Examplewith (Q,F) = ([0,1],B([0,1])), and f(z) :=
Ig(x). Calculate the Lebesgue integral [/ f(x)dx.

Solution. Note that f is a simple function. By definition,

/f dm—/oﬂ@m A@N [0, 1)),

where A\(Q) is the Lebesgue measure of the rational number set in [0,1]. Since Q is
countable, using the countable additivity of measures, we have

AQno1)= > Agh)= > 0=0,

q€Qn[o0,1] q€Qn[o0,1]



since the Lebesgue measure of a point is zero; recall Example 2.1 in Chapter 1. Hence,
fol f(x)dr = 0. Indeed, f =0 M-a.e. O

The following result relates Riemann and Lebesgue integrability. In particular, if a func-
tion f : [a,b] — R is Riemann integrable, it must be Lebesgue integrable, and the two notions
agree. Hence, we can use the usual integration rule to compute a Lebesgue integral.

Theorem 2.4 Let f :[a,b] — R be a bounded function.

1. The Riemann integral fab f(z) dx exists if and only if the set of discontinuities of f
has Lebesgue measure zero, i.e., f is continuous almost everywhere.

2. If the Riemann integral fab f(z) dzx exists, then f is Borel measurable, the Lebesgue
integral f[a’b] f(z) dx is defined, and both integrals are equal.

3 Expected Values and Properties

Let (©2, F,P) be a probability space and X : (Q,F) — (R,B(R)) be a random variable.
Recall that the Lebesgue integral of X with respect to P is simply the expected value of X,
defined by

E[X] := /Q X (w)dP(w).

In this section, we focus on properties of E[X]. Most of the properties introduced in this
section also holds for Lebesgue integrals with respect to a o-finite measure.

3.1 LP Space

Definition 3.1
1. A random variable X is said to be integrable if E[|X|] < co. We write L*(Q, F,P)
(or simply L!') to denote the set of all integrable random variables.
2. For 1 < p < oo, a random variable is said to be LP-integrable if | X [P € L'.
3. For p = oo, we say that X € L* if there exists M > 0 such that | X| < M a.s.

Remark 3.1. For p € [1,00),
1. L? is a vector space. In particular, if XY € LP, then X +Y € LP.
2. LP is a normed space equipped with the p-norm, defined by
1X1, = (EIXP)>

If p =00, L™ is a normed space equipped with the oco-norm

| X ||oo := esssup | X (w)| :=inf{M >0:|X| < M as.}.
weN

7



3.2 Some Important Inequalities
We introduce three fundamental inequalities regarding expected values.
Theorem 3.2 (Chebyshev’s inequality) Let X € LP. Then, for any a > 0,

E[|X[P1x>q]  E[|X]P
P(X| > a) < [1X] {‘X'Z}]S I I]‘

aP aP

Proof. Since | X|P > | X|P1{x|>a} > aP1{x|>q}- By taking expectations on all sides,
a’P(|X] > a) < E[[X[Ljxzay] < E[IX].
The result follows by dividing all sides by a?. O

For the next two inequalities, the proofs are provided in the Appendix [A]

Theorem 3.3 (Holder’s inequality) Let p,q € [1,00] such that 1/p+ 1/¢ = 1. Let
X e P and Y € L9. Then,
E[XY[] < IX1p 1Yl

In particular, Holder’s inequality is reduced to the Cauchy—Schwarz inequality if p =
q=2.

Theorem 3.4 (Jensen’s inequality) Let ¢ : R — R be a convex function, i.e., for any
A€ [0,1] and z,y € R,

Az + (1= N)y) < Ap(x) + (1= Ne(y).
Then, for any random variable X such that X € L' and ¢(X) € L,
p(E[X]) < E[p(X)].
Remark 3.5.
1. Chebyshev’s inequality holds for a general o-finite measure.

2. Holder’s inequality holds for a general o-finite measure for p,q € (1,00).

3. If p is a finite measure, we have the following generalization of Jensen’s inequality:

o (ﬁ /Q f(@) du(x)) < ﬁ /Q oo f(x) dp(a)

When p(€2) = 1, i.e., p is a probability measure, we obtain the version as in Theorem

B4



Using Jensen’s inequality, we can show the nested structure of LP spaces under finite
measures.

Theorem 3.6 Let p > ¢ > 1. Then, L” C L9, i.e., any LP-integrable random variables
must be Li-integrable if ¢ < p.

Proof. If p = oo, then there exists M > 0 such that |X| < M a.s. This implies that
E[|X] < E[MY) = M? < oo, whence X € L9,

If p < 00, let (z) := xP/9, which is a convex function since p > ¢. Let Y = |X|9, so that
|X|P = YP/4 = p(Y). Using the fact that X € L,
P
q

oo > E[[X|"] = E[p(Y)] > (E[Y]) = o(E[|X|"]) = (E[[X]7])«,
which implies E[| X 9] < 0.

4 Convergence of Random Variables

In Section , we introduced the dyadic approximation ([2) which “converges" to f asn — oo,
although the notion of convergence is not obvious in the case of measurable functions or
random variables. In this section, we introduce three modes of convergence and discuss their
relationship.

The first type of convergence is called almost-sure convergence, which is a type of pointwise
convergence except in measure zero sets.

Definition 4.1 (Almost-sure convergence) The sequence of random variables
{X,}52, is said to converge almost-surely to X if

lim X, (w) = X(w)

n—oo

for almost all w € Q, i.e., P(lim, o X, # X) = 0. In this case, we write X,, — X a.s.

The second type of convergence is defined in terms of the integrals of the deviation

Definition 4.2 (L” convergence) Given that {X,}>°, C LP and X € LP where
1 < p < oo. The sequence {X,,}5°, is said to be convergent in L? to X if

lim E[|X, — X|"] = 0.

n—oo

: . Lp
In this case, we write X,, = X.



Remark 4.1. Let p > ¢ > 1, {X,,}52, C L? and X, %X err Then, X, %X Indeed, by
Theorem [3.6] we have {X,}2°, C L9 and X € L% By Jensen’s inequality, as n — oo,

D
q

(E[[Xn — X|7) < (E[|X, — X["]) =0
Note that almost-sure convergence and LP convergence do not imply each other, as seen
in the following examples:

Example 4.1 Let (2, F,P) = ([0, 1], B(R), A), where A means the Lebesgue measures.
Define
Xn((.d) = 77,2]1(L l]((&)), w € [0, 1]

n+1l’n
1. Show that X,, converges almost-surely and find the limit X
2. Does X,, converge to X in LP, where p > 17

Solution.
1. Since for each w € (0, 1], there exists n large enough such that w € (1/n,1/(n+1)].
Hence, for any w € (0,1]. X, (w) = 0 when n is sufficiently large. This implies
X, — 0 a.s.
2. We show that X,, does not converge to X = 0 in L', which also implies X,, is not
convergent to 0 in LP, p > 1. Indeed,

1 1 1 1 n
E[|X,|] = n? —|)=n*(=- = 1 .
[Xn] nA((n%—l’n]) " <n n+1> n—i—l_> 70

Example 4.2 Let (2, F,P) = ([0, 1], B(R), A). Define

I

1, ifwe [k k+1]

om’ gm

Xp(w) :=
0, otherwise,

where m = |log,n| and k =n — 2™.

1. Show that X, 2 X and find the limit X.
2. Does X,, converge to X a.s.?

Solution.
1. For any n > 1,

om’ 9gm om

E[|X, [’ :m({ i k“D -1

L2
as n — oo. Hence, X,, — 0.

10



2. Fixm € N. Forn € {2™, 2™ +1,...,2™"1 —1}, the sequence X,, corresponds to the
2™ dyadic intervals of length 2= given by [k/2™, (k+1)/2™], k =0,1,...,2™ —1,
which partition the entire interval Q = [0,1]. When n = 2™"! the cycle repeats
with 2™+ intervals of length 2~(™*1) covering [0, 1].

Therefore, for every w € [0, 1], there exist infinitely many n such that X, (w) = 1,
and infinitely many n such that X, (w) = 0. Hence, the sequence {X,(w)} does

not converge for any w € [0, 1].
O

The following presents a way to prove L-convergence of a sequence {X,,}°2, to a number
nweR.

Proposition 4.2 Let {X,}2°, be a sequence of random variables with X,, € L? and

lim,, o E[X,] = p. If lim,_,,, Var[X,,] =0, then X, ER L.

Proof. Note that

Var[X,] = E[(X,, — E[X,])?]
=E [((Xn — p) + (0 — E[X])?)]
=E [(Xn — p)°] + 2(p — ELX)(E[X, — p]) + (B[X] — )
=E [(X, — p)°] = (E[X,] — )"
Hence,
0= lim Var[X,] = lim (E[(X, — )] — (E[X,] ) = lim E[(X, —)?] .
Therefore, X, = L. O

Example 4.3 (Random walk) Let {£,}°°, be an ii.d. sequence with P(¢, = 1) =
1/2 =P, = —1). Forn > 1, let

1 n
X, = ﬁ;f’“'

By the strong law of large numbers, X,, — E[{;] = 0 a.s. Show that X, %o.

Solution. For n > 1, it is easy to see that E[X,| = E[{;] = 0. Hence, it suffices to show
that Var[X,,| — 0. By the i.i.d. property,

Var[X,] = % Xn:\/ar[fk] _ n\/j;[fl] _ Var[] 1 0
k=1

n n

11



as n — 0o. Therefore, X, £2> 0. O

The last mode of convergence is the weakest among the three:

Definition 4.3 (Convergence in probability) The sequence of random variables
{X,}5°, is said to converge in probability to X if for any € > 0,

lim P(|X, — X| >¢) = 0.

n—oo

In this case, we write X, £ X

The last result compares the three modes of convergence.

Theorem 4.3
1. X,, — X a.s. implies X, Ei X;
2. X, %X implies X, i X;
3. X,, — X as. does NOT imply X,, =5 X, and X,, = X does NOT imply X,, — X.

The fact that X, X implies X, L Xisa consequence of Chebyeshev’s inequality
(exercise). The proof of almost sure convergence implies convergent in probability requires
more analysis, readers are referred to Chapter 17 Probability Essentials by Jacod and Protter
for details.

5 Convergence Theorems of Integrals

In Example we have seen that X,, — 0 a.s., but lim, , E[X,] = 1 # 0. In general,
X, — X a.s. alone does not guarantee E[X,,] — E[X]. This section presents some important
convergence theorems that guarantee the convergence of expected values. Interested readers
can find the proofs of these theorems in Appendix

Theorem 5.1 (Monotone Convergence Theorem (MCT)) Let {X,}°, be a se-
quence of random variables such that X,, > 0, X,, < X,,;; a.s. for all n, and X,, - X
a.s. Then, lim,_, E[X,| = E[X].

Theorem 5.2 (Dominated Convergence Theorem (DCT)) Let {X,,}52, be a se-
quence of random variables such that X,, — X a.s., and suppose there exists Y € L!
such that | X,| < |Y| a.s. for all n. Then, lim,_,., E[X,] = E[X].

12



Example 5.1 Let (2, F,P) = ([0,1],B([0,1]),\). For each n > 0, let X,, : (2, F) —
([0,1], B([0,1])) be a random variable defined by
_ sin(ne”)

Xo(z) = s T € [0, 1].

Compute lim,,_,, E[X,].
Solution. Note that X,, — 0 a.s., and

Xa) = |22 < L oy
n n
Hence, by DCT, we have lim, ., E[X,] = E[lim,,_,., X,] = 0. O

Example 5.2 Let {X,,}7°, be a sequence of non-negative random variables. Show that

iE[Xn] —E an] .

Solution. Let S, := Y " | X;, then S, >0, S, < 5,41 for any n > 1, and S,, T S =
Y, X;. By MCT, we have

n—oo

iE[XZ-] = lim i]E[XZ-] = lim E[S,] =E[Sx] =E

Sl
=1
]

Example 5.3 Recall from Example 1.1, we have X,, — 0 a.s., but E[X,] — 1 # 0.
Explain why both the monotone convergence and dominated convergence failed to apply.

Solution. MCT: the sequence X,, are non-negative, but not monotonic. Indeed, for any
w € (0,1/2), there exists n > 1 such that X,, ;(w) = 0, X,(w) = n?, and X, (w) = 0.
Therefore, the MCT does not apply.

DCT: DCT requires a single integrable function Y € L! such that | X,| <Y a.s. for all
n. Since

1 1
Xn =n? fi € y |
(w)=n* forw <n+1 n]

the domination condition | X, (w)| < Y(w) implies Y (w) > n? for w € (1/(n + 1),1/n].

13



Therefore,
2
Y (w) > ;n 1(a 1)(w).
But the right-hand side defines a function whose integral is

E[Y]:i”2(%_ni1):imnn—fm:inilzoo'

n=1 n=1

Hence, no integrable dominating function Y exists, and the DCT cannot be applied.
O

6 Computations of Expected Values

This section provides some basic rules in computing expectations, most of which have been
covered in introductory probability courses.

Theorem 6.1 (Change of variables formula) Let X : (Q,F) — (5,8) be a random
variable with distribution Px, and g : (S,S) — (R, B(R)) be a measurable function such
that E[|g(X)|] < co. Then,

Elg(X)] = / 9(2)dPx ().

Proof. The formula is proven by the 3-step approach: from simple functions, non-negative
functions, to general measurable functions.

Suppose that
g(w) = Z CLiﬂAi(‘r)a
i=1

where Ay,..., A, €S8, A,NA; =@ for i # j. Then,

E[lg(X)] =E

Zai]lAi(X) :Zai]E[]lAi(X)] = /S Zai]lAi(a:)dPX(m): /S g(x)dPx ().

Next, suppose that g is non-negative. Let {g,}°°, be the dyadic approximation of g; see
(2). Then, g, is simple, and g, 1 ¢ a.s. Using the MCT twice, we have

Elg(X)] = lim Elg,(X)] = lim [ go(z)dPx(z) = / g()dPx ().

Note that the MCT was used in the first and the last equality.

14



Finally, for any measurable function g, we can write ¢ = g* — ¢g~. Then,
E[f(X)] = E[g"(X)] — E[g™ (X)]
— [ g @drs@) - [ g @)irs
S

S

- [l @)~ g @ldPx(a) = [ s(@aPx(o)

S

]

Based on the range of values X could take, the expected values can be computed as
follows:

1. X can only take countably many values S = {z,}> ;:
e X is said to be a discrete random variable.
e Py is characterized by the probability mass function (pmf), defined by

Px(x) =P(X =x), z € S.

e E[g(X)] can be computed by

Elg(X)] = 3 g(x) Px (x).

€S

2. X can take uncountably many values S, and Py is absolutely continuous with
respect to the Lebesgue measure:
e X is said to be a continuous random wvariable.
e The distribution Py is characterized by a probability density function (pdf)
fx, such that for any Borel set A C S,

P(X € A)= /Afx(as) dx.

o If the distribution function Fy(z) is differentiable at z, then fx(z) = L Fx(x).
e E[g(X)] can be computed by

Elg(X)] = / o) fx (z) da.

S

Example 6.1 Let X be a Cauchy random variable with the following density function:

1 1

X =i oek

15



1. Show that [, f(z)dz = 1.
2. Show that E[X "] =E[X "] = oo, and so X & L'.
3. Can we compute E[X]?

Solution.
1. By a direct integration,

1 d 1 0o 1 —
/f(m)dx——/—xg——tanl(x) ——<z——ﬁ>_1.
R T Jrl+x T e w\2 2

2. For |z| > 1, we have

Hence,

> <z *dx
IE[X+]:/O xf(x)d:p:/o 1+x2dw2/1 o

Likewise, we can show that E[X ] = co. This implies E[|X|] = E[X*] + E[X ] =
oo, and thus X & L.
3. Despite the integrand z/(1 + #?) is an odd function, E[X] # 0, since both
E[XT],E[X ] are not finite. In this case, E[X] is not well-defined.
[l

Example 6.2 The moment generating function of the random variable X is defined
as

Mx(t) = E[”], t € R,
provided that e!* € L!. Let X be a standard normal variable, X ~ A(0,1), which
admits the following probability density function

1 &
e 2, zeR

N

Compute Mx(t).

Solution. Using the change of variables formula,

o0

Mx(t) = E[e"¥] = / e o(z) dx

— 00

e 1 22
= el® ( 62) dz
/_oo \ 2T

R/oo 1 *(H)Zd 2
= ¢e2 e 2 €T = €2 .,
—oo V2T
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Appendices

A Proofs of Useful Inequalities

A.1 Proof of Holder’s Inequality
The inequality clearly holds if p = 1,¢ = oo (or when ¢ = 1,p = o0), since

E[IXY]] < Y [l BIIXT = [ X[ [1Y [loo-

If | X]|, = 0 or [|Y||, = 0, we must have |[XY| = 0 a.s., and thus the inequality also holds.
Therefore, it suffices to consider p, ¢ € (1,00), and ||.X||,,]|Y]l, > 0.

Using Young’s inequality, for any x,y > 0 and p,q € (1,00) such that 1/p+1/q =1, we
have
Ty < — + —.
p q
Using this, and by taking
| X] _ Y

T = and y = ,
X1l Y1l

we have
| X P

Y] )
p + q
plXle — alYla
The desired inequality follows by taking expectations on both sides.

XYL < IX LY, (

A.2 Proof of Jensen’s Inequality

Let p := E[X]. By the convexity of ¢, we can always find a € R such that the linear function
l(x) :=a(x — p) + p(p) satisfies [(x) < ¢(x) for all z € R. Using this fact, we have

Elp(X)] > E[l(X)] = aE[X — p] + ¢(p) = »(E[X]).

B Proof of MCT and DCT

We provide the proofs of the MCT and DCT. To this end, we introduce the following key
lemma:

Theorem B.1 (Fatou’s Lemma) Let {X,}2°, be a sequence of non-negative measur-
able functions. Then,

E [hm inf Xn] < liminf E[X,,].

n—o0 n—oo
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B.1 Proof of MCT

We prove the MCT using Fatou’s lemma. Since X,, T X, we have liminf, .., X,, = X a.s.
The monotonicity also implies E[X,,] T E[X], whence liminf, . E[X,] = lim, . E[X,].
Using the fact that X,, > 0 a.s., we can apply Fatou’s lemma to conclude that

E[X] =E [lim Xn} < liminf E[X,] = lim E[X,].

n—o0 n—oo n—oo
This proves one side of the convergence theorem.

To complete the proof, we need to show that E[X]| > lim,, ., E[X,]. To this end, consider
Y, :=X—-X,. ThenY, >0a.s. foralln > 1, liminf, ,, Y, =0 a.s., and liminf, , E[Y,] =
liminf, ,(E[X] — E[X,]) = E[X] — lim,_,~ E[X,,]. By Fatou’s lemma,

0=E [lim Yn} < liminfE[Y,] = E[X] — lim E[X,],

n—oo n—o0 n—o0

which proves the desired inequality.

B.2 Proof of DCT

Similar to the proof of MCT, we establish DCT using Fatou’s lemma. Since |X,| <Y and
X, — X as., we also have | X| = lim|X,| <Y as. Hence, X € L' by comparison with
Y.

By applying Fatou’s lemma to the non-negative functions X,, + Y, we have
E[X +Y] <liminf E[X,, + Y] = liminf(E[X,] + E[Y]),
n—oo n—oo
SO
E[X] < liminf E[X,].

n—o0

Next, apply Fatou’s Lemma to —X,, + Y, which are also non-negative:

E[-X + Y] <liminf E[-X,, + Y] = liminf(-E[X,,] + E[Y]),

n—oo n—oo

which gives
—E[X] < liminf(—-E[X,]), or E[X]> limsupE[X,].

n—oo n—oo
Therefore,
limsup E[X,,] < E[X] < liminf E[X,],
n—00 n—co
which implies
lim E[X,] = E[X].
n—oo
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