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Preview

In MATH 5635, we encountered two fundamental approaches for pricing contingent claims:
the partial differential equation (PDE) method, exemplified by the Black—Scholes equation,
and the risk-neutral valuation method, which prices claims as expected discounted payoffs
under a risk-neutral probability measure. These two perspectives already suggest a deep
connection between stochastic processes and partial differential equations. This chapter
makes this connection precise by exploring the interplay between stochastic calculus and
PDE theory. We begin by reviewing the formulation of stochastic differential equations
(SDEs) and highlighting their Markovian structure. We then establish a link between SDEs
and PDEs through the Feynman—Kac formula, which provides a probabilistic representation
of solutions to a broad class of parabolic PDEs. Using the Feynman-Kac formula, we revisit
the PDE approach to option pricing and extend it to more general market models beyond
the classical Black—Scholes framework.

Key topics in this chapter:
1. Markov property of SDEs;

2. Feynman—Kac formula;

3. Risk-neutral pricing via Feynman-Kac.

1 Stochastic Differential Equations

Consider a filtered probability space (€2, F,{F:}icpo,r,P), and {B;}icor is a standard (1-
dimensional) Brownian motion adapted to {F;}icpo,r7. We first recall the formulation of a
stochastic differential equation (SDE), which is a process that satisfies the It6 diffusion

dXt = b(t,Xt) dt + O'(t, Xt) dBt, XO = 5, 0 S t S T, (1)

where ¢ is a Fy-random variable, and b,o : [0,00) x R — R. Alternatively, we can also
express the equation in integral form:

¢ ¢
X, =&+ / b(s, Xs)ds + / o(s, Xs)dBs.
0 0
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A strong solution of is a process { X }icpo,r) that satisfies the Ito diffusion in the
given filtered probability space (2, F, {F; }icpo,r, P).

1.1 Existence and Uniqueness of Solution

The existence and uniqueness of (strong) solution is given by the following regularity condi-
tions:

Definition 1.1 A function f(¢,x) is said satisfy the
1. global Lipschitz condition if there exists K > 0 such that, for any z,y € R and

t>0,
[f(t,2) = f(t )] < Ko —y;

2. linear growth condition if there exists L > 0 such that, for any t > 0 and x € R,

|f(t, @) < L(1 + |z).

The following existence and uniqueness theorem holds under the Lipschitz and linear-

growth conditions:

Theorem 1.1 Suppose that the coefficients b and o satisfy the global Lipschitz and
linear growth conditions, and E[|£|?] < co. Then, the SDE ({1}) admits a unique solution,

which satisfies .
0

1.2 Markov Property

We shall show that conditional expectations of the solution of the SDE satisfies the
Markov property. We first recall the Markov property of a stochastic process:

Definition 1.2 Let T =R, or Ny. A {F;}ie7-adapted process X = { X, }ic7 is called a
Markov process if, for any s <t €T and A € F;,

P(X; € A|F,) =P(X; € Alo(X,)) a.s.

Equivalent, X is Markov if, for any s < ¢t € 7 and any bounded, Borel measurable
function f, there exists another Borel measurable function g such that

Given t € [0,7] and @ € R, we introduce the process {X,:", }r>0 as the solution of the



following SDE:
t+h t+h
X5 =+ / b(u, X57) du + / o(u, XL*) dB,. (2)
t t

In other words, {X:fh}hzo is the solution to the same SDE , except that we specify the
initial time ¢ (instead of 0), with initial condition at ¢ given by X}* = x.

On the other hand, using the SDE satisfied by X, we have
t+h t+h
X =6+ / b(u, X,) du +/ o(u, X,)dB,
0 0
t t t+h t+h
_ (5 N / b(u, X,) du + / o1, X, dBu) + / b, X)) du + / o(u, X,) dB,
0 0 t t

t+h t+h
=X+ / b(u, X,) du + / o(u, X,)dB,.
t t

Note that both processes X,;,, and Xf_f,it satisfies the same equation for ~ > 0. By the

uniqueness of solution, we have the following flow property

Xewn = X5 h 2 0. (3)

In particular, X\ = X,, t € [0,T7].

We also define the family of (induced) probability measures {P"*},co 1] ser such that,
under P“*, the solution of satisfies X; = = = Xf *. Intuitively, P“* describes the law of
the stochastic process X when it is initialized at the point z at time £. We also denote the
associated expected value of Pt* by E?.

To prove the Markov property, we shall invoke the independence lemma:

Lemma 1.2 Let Xq,...,X,, be G-measurable random variables, and Y7, ...,Y,, be ran-
dom variables that are independent of G. Let f(x1,..., %, Y1, ..,Ym) be a measurable
function and define

g(xy, ..., z) = E[f(xy, ..., 20, Y1, .., Y0)]

Then,
E[f( Xy, ..., X, Y1,.. .. Y)lG] = g(Xy, ..., X,).

The following theorem indicates that the solution process {X;}icjo,7] of satisfies the
Markov property in the following general manner:



Theorem 1.3 Let f: R — R be a bounded, Borel-measurable function, and ¢ : [0, c0) X
R — R be bounded and measurable. Then, for any ¢,h > 0 and x € R,

_ t+h

E [6 . (s, Xs) dsf(XtJrh) | J—_'t] — Et,Xt |:€7 ftt-ﬁ—h C(S’XS)de(Xt+h):| . (4)

Remark 1.4. The RHS of can be understood as follows. Let
o(t,7) = B [6_ [+ c(s,Xs)de<Xt+h):| _E [6— [+ C(S’XE’I)f(Xffh)} ‘ (5)

Then the right-hand side of is the F;-measurable random variable g(¢, X;), where

t+h t+h

gt X0) = B e e, )] < [ K et ()

IE:Xt

On the other hand, the LHS of is a conditional expectation taken under the original
probability measure PP, under which the process X; is defined and starts at time 0 with
initial condition X, = &.

Equation expresses the Markov property of the solution X to the SDE. It states
that, conditional on the information available up to time ¢, the future evolution of the
process depends on the past only through its current state X;, which is given by g¢(¢, X;). In
particular, the conditional expectation of f(X;,5) given F; coincides with the unconditional
expectation of f(X;i) for a process started from the state X; at time ¢. Consequently,
the history of the process prior to time ¢ contains no additional information relevant for
predicting its future evolution.

Proof of Theorem[I.3 By the flow property (3), we have
Xepn = X0 as. (6)

for any t,h > 0 and x € R.

For any € R and ¢ > 0, the process { X7, }1>0 satisfies
t+h t+h
Xh =a+ / b(u, X2*) du + / o(u, X"")dB,
t t
h h R
=+ / bt +u, X[7,) du + / o(t+u, X;7,)dBE,
0 0

where BZ := By, — By is a Brownian motion under the filtration {fu := Fituu>0, Which is
independent of F;.

Thus we can write R
Xffh = Ft+h(t, X, {BZ}UE[O,h})a
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where for each z € R, the randomness of Xttfh depends only on the increment Bt and is
independent of F;.

Define g as in . In particular, using the notation above, we can write
g(t, Qj) =1 [e_ s C(S,Fs(t,x,{Bz}ue[O,sft]))de(Ft+h(t’ z, {BZ}uE[O,h}))] _
Since {B»Z}uzo is independent of F; and X, is F;-measurable, Lemma yields

— t+h c(Ss S
EhX [e Ji els, Xe)d [(Xein)

= g(tu Xt)
= E [o B OB o) (Fy (1, X, (Bl acton) | 7]

By the flow property @,

Ft+h(t7 Xy, {BZ}UE[O,h]> = X:fzt = Xiyn  as.

Therefore,

t+h

t+h
Et,Xt e_ft c(s,Xs)de(Xt+h)i| - K |:€_ft c(s,Xs)de<Xt+h) ’ J—_'t} a.8.

2 Feynman—Kac Formula

The Feynman—-Kac formula connects the solution of SDEs to PDEs. Let X be the solution
of , and define

glt, @) i= BV e B et Xdip (o) | (7)

where f: R — R and ¢: [0,7] — R are measurable, ¢(-) is bounded, and E**[| f(X7)|] < oo
for all (t,z) € [0,7] x R. Then g satisfies a parabolic-type PDE.

To establish the Feynman—Kac formula, we first show the following martingale prop-
erty.

Lemma 2.1 Let g :[0,7] x R — R be defined as in (7). Then, the process

{67 Joetw Xy dug (. Xt)}

te(0,7)

is a martingale.



Proof. By Theorem , for any t € [0, T] and h :=T — t, we have
E {e*ff elon Xu) du f(XT)|ft] = B+ [e*ftT ) du g (XT)] = g(t, X1).
Hence, for any ¢ € [0, T,
oI c(u,Xu)dug(t7Xt) _E [6— Jr c(u,Xu)de(XT)|E:| '
Using this and the tower property, for any 0 < s < ¢, we have

E e ho C(u,Xu)dug(t7Xt)|fsi| _F [E [e’ fOTc(u,Xu)dUﬂXT)u—t] ‘}—s]
) [e_ Jo C(%XU)duf(XT)l]:s}
= ¢ JoeleXddug(s, X,).

We now introduce the Feynman-Kac formula which connects PDEs and SDEs:

Theorem 2.2 (Feynman-Kac Formula) Let f: R — R be bounded and continuous,
and ¢ : [0,7] x R — R be bounded from below. Let X be the solution of (I}). Then the
following statements hold:
(i) (PDE = stochastic representation) If g € C*?([0,T) x R) solves
g:(t, ) + b(t, 2)gu(t, ) + 302(t, 2) gu(t, ) — c(t,2) g(t, 2) =0, (t,z) €[0,T) x R,
9(T,x) = f(x).

(8)
Then, for all (t,z) € [0,7] x R,

g(t,a) = B [ R e X 0 () )

(ii) (Stochastic representation = PDE) Conversely, define g : [0,7] x R — R by
9. If g € C2([0,T) x R), then g is a classical solution of the PDE (g).

The Feynman-Kac formula provides the fundamental link between arbitrage-free pricing
under a risk-neutral measure and linear parabolic partial differential equations. In finance,
it shows that the discounted expected payoff and the solution of the pricing PDE represent
the same value function, thereby justifying both Monte Carlo simulation and PDE-based
valuation methods. From a mathematical perspective, it identifies the solution of the PDE
as the conditional expectation of a functional of the underlying diffusion, yielding existence,
uniqueness, and a probabilistic interpretation of solutions to parabolic equations.



Proof of Theorem[2.3. Suppose that g € C12([0,T) solves . Applying It6’s lemma to the
process g(t, X;), yields

1
dg(t, Xt) = gt(t, Xt) dt -+ gx<t, Xt) dXt + §g$x<t7 Xt)d<X>t

1
= <gt(t7 Xt) + b(t, Xt>gw<t, Xt> + 50’2(t, Xt)gxx(t7 Xt)) dt + gw(t, Xt)O'(t, Xt) dBt
= c(t, X¢)g(t, Xy) dt + go(t, X¢)o (L, X¢) dBy,

where the last line follows from the fact that g satisfies the PDE . Now, by the product
rule, we further have

(e BRI (1, X)) = e e g (1, X o (t, X,) B

Integrating the above equations from ¢ to T yields
T T s
e C(S’XS)dSQ<T7 Xr) =g(t, X¢) + / e C(%XU)duga:(&XS)a(&XS) dB;.
t
Taking expectations on both sides under E**, under which X; = z, along with the terminal

condition in , we have

g(t, ZL') — Et,z [6_ ftT C(S’Xs)dsg(T, XT>i| — Et,z [6— ftT C(S,Xs)de(XT)] '

To show the converse, we define g as in @D To see that g satisfies the terminal condition
of , note that

9(T,z) = E" [f(Xr)] = f(2),

since under ET*, X1 = z.

To proceed, by Theorem e~ o ol Xs)dsg (¢ X,) is a martingale. Hence, for any ¢ > 0,
h >0 with t + h < T, we have

— (te(s s — [t s s
e JoclsX)ds gt Xy = Rle Jo XD ds g 4o p X, )| F,

which implies
— th c(s s S
g(t, Xy) = Ble™Je XV g( 4 h, Xy 00)| F).
In particular, under the measure E"*, we have

_ t+h

g(t, ) = B [ i XD (h 4, X, )

On the other hand, by It6’s lemma, for any h > 0,

— [Hthes S
e e s XD ds gt L h X)) — g(t, Xo)



t+h
s 1
= / e~ Ji elwXu) du <—c(s,XS)g(s, Xs) + gi(s, Xs) + b(s, Xs)g.(s, Xs) + 502(57 Xs)ggcx(s,Xs)) ds
t
t+h
+/ e i clwXu)dug (s X,)o(s, X,) dBs.

t
Hence, by taking expectations with respect to E&%,

0= BV [ 7Kg 1 b X,)] gl 2)

t+h
=t [ e Bt (s Xa)gls 0 405, X) 4 B X))
t

1
+ 50'2(8, X5) Gz (S, Xs)> ds] )

Since this holds for any h > 0, we deduce that the integrand must be zero, and thus we
arrive at the PDE (J). O

Example 2.1 The price of a risky asset {S;}+cjo,r) follows the Black-Scholes model with

rate of return p and volatility o. Under the risk-neutral probability measure IF’, the
dynamics of {S}}scpo,77 is given by

dSt = Sﬂ" dt + StU dét

Comparing with the general SDE of the form (1)), the coefficients are given by b(t, s) = rs
and o(t,s) = os.

Consider a contingent claim written on the risky asset with payoff f(Sr) at the time of
maturity 7. The risk-neutral price of the contingent claim V' (¢, s) at time ¢ is given by

V(t,S) =E [e"TD f(Sp)|F] = E45[e" @0 f(S)],

where the last equality follows from the Markov property; see Theorem
By identifying the discounting c¢(¢,s) = r and using the Feynman-Kac formula, the
function

V(t,s) = E*[e7" 70 f(Sr)]
is the solution of the following PDE:
1
Vi(t,s) +rVi(t,s) + 502‘/35(757 s)—rV(t,s) =0, (t,z)€[0,T) xR,
V(T,s) = f(s),

which is precisely the Black-Scholes PDE.



3 Multidimensional Feynman—Kac Formula

The Feynman—Kac formula can be naturally extended to multidimensional SDEs. Let B; =
(B}, ..., BY) be a d-dimensional Brownian motion. Consider a m-dimensional process, which
is the solution of the following SDE:

dXt = b(t, Xt) dt + U(t, Xt) dBt7
(10)
Xo = o,
where the coefficients are given by b = (b',...,0™) : [0, T|xR™ = R™, o = (6")1<1<m.1<j<d

[0, 7] x R™ — RY. We can also express the SDE of X = (X!, . Xm) in a component-wise
manner: for:=1,...,m,

d

dX; =Vt X}, X[ dt+ > oVt X}, X[") dB,
j=1

Xé ::z:f).

The Markov property and the Feymann—Kac formula can be generalized as follows.

Theorem 3.1 Let f : R™ — R be a bounded, Borel-measurable function, and let
¢:]0,00) Xx R™ — R be bounded and measurable. Then, for any ¢,h > 0 and & € R™,

ft+h

t+h
e SO f(Xy ) | R < X [ BT f ]

To introduce the Feynman—Kac formula, we introduce the following second-order differ-
ential operator L; by

1 m
Lip(x Zbl (t,@) Oz p() + 5 d (o (t,)),, 02, 0(®), @€ C*R™).

i,k=1



Theorem 3.2 (Multidimensional Feynman—Kac) Let f : R™ — R be bounded and
continuous, and ¢ : [0,7] x R™ — R be bounded from below. Let X be the solution of
the multidimensional SDE ((10). Then, the following statements hold:

(i) (PDE = stochastic representation) If g € C*2([0,T) x R™) solves

g(t,x) + Lig(t,x) — c(t,x) g(t,x) =0, (t,x) € [0,T)xR™, (12)
9(T.z) = [(z),
then, for all (¢,x) € [0,T] x R™,
glt, @) = B e I Xt p( X)) (13)

(ii) (Stochastic representation = PDE) Conversely, define g : [0,7] x R™ — R by
([13). If g € C*2([0,T") x R™), then g is a classical solution of the PDE ([12).

In the next chapter, we will connect risk-neutral pricing of Asian options with the multi-
dimensional Feynman-Kac formula.

4 Further Readings

1. Strong Markov property of SDEs;
2. Existence and uniqueness theorem of SDEs (Lipschitz theory);
3. Weak solutions of SDEs;

4. Kolmogorov (forward/backward) equations.
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