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Preview

In this and the coming chapters, we will focus on pricing of exotic options. Herein, we first
consider Asian options, where the payoff at the time of maturity depends on the average
historical movement of the underlying assets. Two types of Asian options are considered
— geometric and arithmetic. For geometric type Asian options, we derive the explicit risk-
neutral price using probabilistic method and discuss the associated pricing PDE. While no
closed-form solutions are available for arithmetic type options, we introduce the method of
dimension reduction so that the risk-neutral price can be characterized by a simple parabolic

PDE.

Key topics in this chapter:
1. Risk-neutral pricing of Asian options;

2. Kemna—Vorst formula;

3. Change of numéraire.

1 Asian Options

The payoff of an Asian option is path-dependent, which depends on the time average of the
price of the underlying asset {S;}¢cpo,r) in the interval [0,7]. In this chapter, we consider
four types of Asian call options with payoffs Vi at the time of maturity 7" for a given strike
price K > 0:

1. Geometric average with continuous sampling:

v (o (L[ is) 1)

2. Geometric average with discrete sampling:



where 0 <ty <ty < ---<t,=1T.

3. Arithmetic average with continuous sampling:

1 [T
Vi = (T/o Stdt—K>

4. Arithmetic average with discrete sampling:

n +
1

+

The payoffs of Asian put options can be defined analogously.

In the sequel, we derive the closed-form risk-neutral pricing formula for Asian options with
geometric average, which is given by the Kemna—Vorst formula. For Asian options with
arithmetic average, closed-form pricing formulae are lacking in general. Instead, we shall
characterize the price with both risk-neutral expectation and the Feynman—Kac formula,
which can be solved using numerical methods such as Monte-Carlo simulations and finite
difference schemes, respectively.

For simplicity, we shall consider a simple Black-Scholes model for the price of the under-
lying asset:
dSt = ,LLSt dt + O'St dBt

The risk-free interest rate is given by r > 0.

2 Geometric Average with Continuous Sampling

We derive the closed-form pricing formula for Asian call options with geometric average,

whose payoff is given by
1 (7 "
Vi = (exp (—/ In(S;) dt) - K) )
T Jo

We first consider a probabilistic approach by exploiting the log-normal property of S. In the
second approach, we characterize the price by introducing an additional state variable.

2.1 Risk-Neutral Approach

Under the risk-neutral probability measure I?P/’, the process Et =B+ 0t 0 := 5" is a

I

standard Brownian motion. The price of the risky asset is then governed by the SDE

dS; = rS, dt + oS, dB;,,
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whose solution is given explicitly by

o? ~
Sy = Spexp ((r— ?> t+0Bt> )

The risk-neutral price V; of the call option at time ¢ is given by

) (exp (% /0 ' In(S,) du) - K)+ |ft] .

To compute the risk-neutral price, we examine the distribution of

1 [ 1 [ 1 [
T/o In(S,) du = T/o In(S,) du+f/t In(S,) du.

The first term of the above is F;-measurable. Henceforth, we focus on the second term:

%/tTln(Su)du: = {(T—t)ln(st)+ (r—";> (T;t)g +a/tT (B.-B) du] |

Note that Eu — Et ~ N(0,u — t) under P. Hence, the integral I, p := ftT(Eu — Et) du is also
Gaussian distributed. The mean of I 7 is given by

V,=F

T
Ell | 7] = E[l,7] = / E[B, — Bi]du=0
t
On the other hand, its variance can be computed by

Var[Lr|F] = Var[Iz]

B (/T(é §t>2du)}

/ / — B)(B, - B) dudv}

E /t /t(§u—Et)(év—Et)dudv+/tT/vT(§u—§t)(§U—Et)dudv]

Note that for t < u < v, using independent increment of Brownian motions,

I
ﬁ?

E [(B. — B)(B, — B)| =E[(Bu - B)((B. — B) + (Bu - B)]
— E(B, - BJE[B, - B,) + E[(B. - B’]

=u—t.



By symmetry, for t < v < u,
E [(Eu ~ B)(B, - Et)] —v—t

Substituting these back to the expression of the variance, we obtain

\%?[zt,T\ft]:/tT/tU(u—t)dudw/tT/vT(u—t)dudv: (T;t)g.

Therefore, given F;,
1 [T

~ N(mt, 'Ut),

Fi

my = % Uotln(su)dwr (111(5%)4-% (7’—%2)) (T—t)] , Uy = %

Using the distribution of & fo In(S,) du, we can write

A
T/o In(S,) du

where Z ~ N(0,1) under E. Hence,

o (T—1) (eXp (% /0 : In(S,) du) — K>+ }E]

_ (T |:(€mt+\/ﬂZ _ K)

:mt+\/U_tZ,

Fi

V,=E

:H-{emt+\/WZ>K}|]:t:|

—r(T—t) me VA

—r(T—t [os]
_ ¢ Y / emﬁ\/ﬁze*é dz — Ke "IN <—mt —ln K>
1/271- lnI\ijt \/U_t

mi+2 —r(T—t) oo s o
_ et 3 67( \2/7)2 ds — Ke*T(Tft)N (mt In K)
A /27T In K—my \/U_t

Ut

v —InK m; — In K
_ emt+777’(T*t)N ( + ) Kefr (T— t)N ( t ) .
v v Vi

In particular, when ¢t = 0,



Hence, we arrive at the Kemna-Vorst formula:

1 0'2 A~ A~
Vb == SQGiE(rJr?)TN(dI) - KS_TTN(d2)7

where

g

O'G\/T ﬁ

Since a geometric Asian option is based on the average of the underlying asset, its effective
volatility is reduced: in continuous time, og = o/ V3. Averaging smooths out fluctuations,
making the option less sensitive to short-term volatility and generally cheaper than a Euro-
pean option on the terminal spot.

s ng = (il — O'Gfﬁ, oG \—

2.2 PDE Approach

Due to the path-dependent nature, the payoff function of Asian options are not Markovian
in the price of the risky asset S. Therefore, the (1-dimensional) Feynman—Kac formula is
not applicable when computing the risk-neutral expectation. To address this, we introduce
the running sum of the log-price as an additional state variable:

t
Yt::/ InS,du, t>0.
0

Using this, we can consider the pair (S,Y") as the solution of the following two-dimensional
SDE under the risk-neutral measure:

{dSt :TStdt+UStd§t, (2)

dY, =In S, dt.

Aligning with the multidimensional SDE introduced in the last chapter, we see that m = 2,
d =1, and

bi(t,s,y) =rs, by(t,s,y) =Ins, a”(t,s,y) =0s, an(t,s,y) = 0.

The payoff function of the geometric Asian option can now be expressed as Vp = f(Sr, Yr),
where

y +
f(say) = (67 - K>
Define B B
V(t,s,y) =E"Y [e 7TV, = BN [e"T0 £(Sp, Yr)] . (3)

By the Markov property of the two-dimensional SDEs (.S,Y"), we know that
V(t, S, V) = BXSY (e 00 £ (S, ¥)] = E [e7 70 £ (S, Yo) | F]
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Hence, V(t, S, Y:) gives the risk-neutral price of the risk-neutral price of the option at time
t given the state (S;,Y;). By the multidimensional Feynman-Kac formula, the function
V(t,s,y) is the solution of the following PDE:

2.2

Vi + sV, + %v +(ns)V, —rV =0, (t,sy)€0,T) xR, xR, ”

V(T,s,y) = (/T — K) 7, (s,y) € Ry x R.

Equation is a two-dimensional partial differential equation in the spatial variables s
and y. By introducing an appropriate change of variables, the equation can be reduced to a
one-dimensional parabolic PDE. This dimension reduction not only clarifies the underlying
structure of the problem, but also facilitates both the derivation of closed-form solutions and
the implementation of numerical methods, such as finite-difference schemes.

To this end, we introduce the variables
T:=T—t, z:=y+71lns, u(r,z) :=V(t, s,vy).

Then, we have

T T\ 2 T
‘/t = —Ur — (ln S)Uza ‘/s - gum V;; = Uy, ‘/ss - (g) Uz — ?uz (5>

Substituting into , we have

2
0= (—u, — (Ins)u,) +rru, + % (TQUzz — Tuz) + (Ins)u, —ru

0.2 0.27.2
= —Ur — T T—i—? uz—l—Tuzz—Tu.

The boundary condition becomes
Yy — ns +
V(T,s,y) =u(0,z) = (e HE —K) = (ez/T—K)Jr.

Therefore, we obtain the following one-dimensional PDE:

o272 o2
Ur(7,2) = ——u(1,2) + 7 (r — —) uy(7,2) —ru(r,z), 7€][0,T],z€R,

2 2 (6)
u(O,z):(eZ/T—K)+, z e R.

By applying additional transformations, equation @ can be reduced to a standard heat
equation, whose solution is expressed in terms of a Gaussian kernel and coincides with the
Kemna—Vorst formula. We leave the details of this derivation as an exercise.



3 Geometric Average with Discrete Sampling

In this section, we derive the price of an Asian option with the payoff

1 +

VT - (ﬁ Stl) ’ — K y
i=1

where 0 < t; <ty <---<t,=T. We also let ty := 0.
The risk-neutral price V; of the option at time ¢ < T is given by

+

V= TR (H Stz.> -K| |~
=1

Let k € {0,1,...,n— 1} be such that ¢, <t < t;4;. Then F, C F, C F,,,. To compute
the price, we determine the conditional distribution of the geometric average given ;.

Consider

In (ﬁ Sn) ' = %i In(Sy,)
- % (Z In(S,) + > 1n(5ti))

i=k+1

1o 1 <& o -

n =1 n i=k+1

1 k n 0_2 o n _ _

= i=k+1 i

Note that
Z (Etv - Et) = (n - k)(étmq - Et) + (n —k— 1)(§tk+2 - Etk+1)
i=k+1
4+ 4 (Btn — Btn—1)
_ _ n—k—1 _ N
— (= k)B, — B+ Y 0=k =) (Busry, — B, ) -
j=1



By the independence and Gaussianity of Brownian increments, we have

n

S (B, - B)

Fi~ N (0> (n— k) (tgper — 1) + i (n =k —=3)(teyrry — tk+j)) :

i=k+1 j=1
Therefore, 1
In (H S) |~ Ao, ™
i=1
where

m;iis — % [Z ln(Stl) + (n - k‘) In S; + Z (T - %) (tz - t)] ,

i=k+1

' 02 n—k—1 -
gt = <<n — k)t =)+ D> (n—k— ) (berrry — teyy) | -

Jj=1

Using the distribution of the geometric average, we can proceed to compute the risk-
neutral price of the option. Express

3=

ln (H St7,> ‘E = My + \/U_tZ,
i=1

where Z ~ N(0,1) under E. Then, following the same calculations as in the derivation of
(1), we have

+

V= e "TIE (H sti) ~-K| |~
i=1

_ (DR | (emite ooz _ ) o
e E (e t K H{Em?ZS+WZ>K}‘ft1

= emfi“ri;sﬂ"(T*t)N <mfi8 —InK + U;iis) _ Ke "IN (mfis —In K) _

4 Arithmetic Average with Continuous Sampling

In this section, we consider the pricing of Asian options with arithmetic average and contin-
uous sampling, whose payoff at maturity is given by

1 (7 *
— (= d—K) .
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By the risk-neutral pricing principle, the price of the option at time ¢ € [0, T] is

(3 son-x) ||

In contrast to the case of geometric averages, where the lognormality of the asset price
process leads to a closed-form pricing formula, the arithmetic average involves the time
integral of a lognormal diffusion. The distribution of this integral does not admit a closed-
form expression, and consequently no closed-form pricing formula is available for arithmetic
Asian options in general.

+
% — e—r(T—t) IE

To compute the option price, one may therefore resort to numerical methods, such as
Monte Carlo simulation. Alternatively, as we show below, the price process can be charac-
terized as the solution to a partial differential equation, which may be solved numerically
using finite-difference or related PDE-based methods.

Similar to the PDE approach for geometric average Asian options, we introduce an addi-
tional process {Y;}icjo,r], defined by
t
Y, = / Sy, du.
0

Then, the pair (S,Y") is the solution of the following two-dimensional SDE under the risk-
neutral measure:

{dSt — S, dt + oS, dB,, 9

dY, = S dt.

The payoff function of the arithmetic Asian option can now be expressed as Vp =
f(St,Yr), where

f(s,y) = (% - K>+

Define B B
V(t,s,y) =E"Y [e 7TV, = BN [e7 T 0 £(Sp, Yr)] . (10)

By the Markov property of the two-dimensional SDEs (S,Y"), we know that
V(t,S,Y:) = RS0 [G_T(T_t)ﬂST, YT)} —E [G_T(T_t)f(ST, YT)|-/—';€} .

Hence, V (t, S, Y;) gives the risk-neutral price of the risk-neutral price of the option at time
t given the state (S;,Y;). By the multidimensional Feynman-Kac formula, the function
V(t,s,y) is the solution of the following PDE:

2.2
‘/;f(ta Svy) + TS‘/S(ta Svy) + 8%(1‘:’ Svy) + %%S(tv Svy) - TV(t,S,y) = 07

(t,S,’y) S [OaT> X R+ X R+, (]‘1)

_l’_
V(T,S,y) = (% _K> ) (S7y) S R-l— X R+'

9



Remark 4.1. Although the accumulated process Y; = fot Sy du is nonnegative, it is convenient
to extend the spatial domain of the pricing PDE to allow y € R. From the probabilistic
representation, starting from any y € R we have Y, = y+ ftT Su du > 0 almost surely, so the
terminal payoff is well defined and depends only on nonnegative values of Y. Consequently,
one may solve the PDE on [0,7] x R, x R and restrict the solution to y > 0 to recover the
risk-neutral pricing formula.

4.1 Dimension Reduction

Although Equation does not admit a closed-form solution, we can apply a transformation
to reduce the equation to a one-dimensional PDE. To this end, we define the variable z € R
and the function u(t, z) in a way that

— KT
z = yT and V(t,s,y) = su(t,2).

Then, we have

— KT
yT):u—zuZ, Vy = us,

Vo, (VBTN (LY KT (L= KT 2
ss z 52 z 52 zz 52 s zz+

Substituting into , we have

025 22

2
g U TTSU=S {ut + (1 —r2)u, + J—ZQUZZ:| )
s

Vi = suy, Vsqursuz~(—

0 = su; + rs(u — zu,) + su, + 5

On the other hand, since s > 0, the terminal condition reads as

— KT\ " 1 y— KT\ s
V(T,S,y) = (yT) =S (? . yT) = ?ZJF,

whence u(T, z) = 27 /T.

Summarizing the above, the price of the Asian option with arithmetic average and con-
tinuous sampling is given by
V(t,s,y) = sul(t, z),

where u is the solution of the following one-dimensional PDE:

2
u(t, z) + (1 — rz)uy(t, 2) + %ZQUZZ(t, 2)=0, t€l0,T],z €R,

N (13
w(T,z) = T z € R.

10



4.2 Change of Numéaire

The change of numéraire offers a probabilistic derivation of a one-dimensional PDE for pricing
arithmetic-average Asian options. By choosing the stock price as the numéraire, the payoff
can be written as Vy = Sp(Yr)t for a suitably defined normalized process Y. Under the
stock-numéraire measure, Y is Markovian, leading to a one-dimensional PDE known as the
Vecer equation. This approach extends naturally to discrete sampling. In this subsection,
we assume that r > 0.

4.2.1 Replicating portfolio

The first step of the approach is to identify a self-financing, deterministic, portfolio strategy
Y, t € [0, 7], along with an initial capital X, such that the associated portfolio value process
{Xi}epo,r has a terminal value given by

1 /7
XT_—/ S,dt — K. (14)
T Jo
Recall that the dynamics of X under the self-financing strategy v is given by
dXt =Mt dSt + T(Xt — ’ytSt) dt = TXt dt + ”Yt(dSt — TSt dt) (15)
The discounted portfolio process, e "X, thus satisfies

dle " X;) = —re " X, dt + e " d X,
= v, "(dS; — 1S, dt)
=Y d(e™Sy)
=d(e ""1S;) — e Sy dyy,

where the last line follows from the product rule and the fact that =, is assumed to be
deterministic (and so there is no cross-variation term). Integrating both sides with respect
to t, we obtain

t t
e "X = Xo+ / d(e "™y, Su) — / e ™S, dv,
0 0

t
= Xo+ e %S — 7050 — / e S, du.
0

In particular, when t = T', we have

T
Xr=e¢TX,+ Yr St — e’"T’yOSO - / e"(T’t)Stfyé dt. (16)
0

To construct the term 1/7T fOT Si dt and eliminate y7St we choose ; such that

, efr(Tft)
= - =0.

11



Solving this ODE yields

1
M= (1—e ™). (17)

Substituting into , we obtain

X ¢ GTTS°(1 Y+ = /TS dt = 2 /TS dt+eT ( Xp— (1—e")S
=e — —e - = - e ——(l—e .
’ O T T/), ™ T/), ™ rT 0

Hence, by choosing

1
Xy = —T(l —e )8y — e K, (18)

,
we arrive at ((14) as desired.

4.2.2 Change of measure

From the replicating portfolio, we know that the price of the Asian option can alternatively
be written as

Vi = e "TOE [XF|F], (19)
where X follows the SDE ([15]), with the portfolio strategy and initial capital are given by

and , respectively.

The conditional expectation (19)) can in principle be computed using the Feynman—Kac
formula. However, the dynamics of X in depend on S, resulting in a two-dimensional
problem. To simplify pricing, we change to the stock-numéraire measure PS , under
which the process Y; := )S(—tt is a martingale. This reduces the PDE from two dimensions to
one, eliminates the drift term (removing the first-order derivative), and allows the price to
be expressed as a conditional expectation of Y, facilitating analytical or semi-analytical

solutions via the Vecer equation.

We first provide the definition of the stock-numéraire measure.

Definition 4.1 (Stock-numéraire measure) Let S; be a strictly positive stock price

process. The stock-numéraire measure PS is the probability measure under which
the normalized value of any self-financing portfolio X; relative to the stock,

X
Y, = —
t St )
is a martingale. That is, for 0 <t < T,
Y, = ES[Yr | Fi.

Remark 4.2. Under the usual risk-neutral measure I?P/’, the numéraire is the risk-free asset
F, = €™ so that the discounted stock price e™"S; (and e"*X}) is a martingale. The stock-
numéraire measure is analogous, but we use the stock S; itself as the numéraire.

12



We proceed to construct the measure PS. To this end, we derive the dynamics of Y;.
Using [t6’s lemma, we have

dS;1::-—ngdsg——%(—2)3t3d<8ﬁ

= —S7 (rdt + 0 dB,) + 25, " dt

=51 [(02 —r)dt — O'dét] :
On the other hand, from , we know that

dX, = rX, dt + v(dS, — rS, dt) = rX, dt + 07,5, dB,.
Hence, using the product rule, we have
dY, = d(S;' X)) = X, dS;H + S7HdX, +d(X, S,
— X,5;1 [(02 —r)dt—o d'ét} +57 [rXt dt + oS, dét] — o2y, dt

= o%Y,dt — oY, dgt + oy dét — 02% dt
=o(y, — Y,)(dB, — o dt). (20)

Motivated by , we invoke Girsanov’s theorem to define PS , under which Y would
become a martingale. To this end, define the process {B; }iepo.r] by
Ef .= B, — ot.
Then, the dynamics of Y can be written as
dY; = o(y — Y;)dB;.

Define also the density process {Z; }iejo.1) by

~ 1
77 = exp (aBt - §U2t) ;

ie.,

7Z5 = : (21)

It is easy to check that IE[Z%] = 1, and Therefore, by Girsanov’s theorem, we can define a

probability measure Ps by _ _
PY(A) := E[14Z7], A € Fr,

such that {Ef }eepo,r) is a standard Brownian motion under PS. In addition, Y is a PS-
martingale.

13



4.2.3 The Vecer equation

We now compute the price of the Asian option using the probability measure PS. Using the
risk-neutral pricing formula and , we have
ft]

Y yft}

Vi = e "IOE[XF|F

X +
—rT T
¢ ( St )

~ G_TTST/SQ
= E _—
St [ e="S, /S,

— ert]E

= SES[Y;H|F),

where ES denotes the expectation taking with respect to PS , and the last line follows from
the Bayes theorem for conditional expectations.

Let V(t, s, y) be the price of the Asian option at time ¢ with S; = s and Y; = y. Then,
V(t, 5, Y;) = SES[Y|F).

Using the Markov property of the solution of the SDE Y in , there exists g : [0, T]xR — R
such that _
g(t, ;) = E5[Y | F].

By and the Feynman—Kac formula, we know that g satisfies the following Vecer equa-
tion:

1
gt(tay) + 50_2('-% - y)ngy(t7y) = 07 t € [O7T]a ) € R7

9T, y)=y", yeR

(22)

Summarizing the above, we see that the price of the Asian option, V'(¢,S;,Y}), is given
by
V<t7 Sta th) = Stg(ta Y:f)a

where g is the solution of the PDE ([22)).

Remark 4.3. The one-dimensional PDE differs in form from the Vewcer equation ob-
tained via the change-of-numéraire approach. This discrepancy is due to the choice of state
variable and numéraire. Nevertheless, the two formulations are equivalent and yield the same
option price.

14



5 Arithmetic Average with Discrete Sampling

The change of numéaire approach can also be used to price an Asian option with arithmetic
average and discrete sampling, whose payoff is given by

n +
1

In that case, we can construct a portfolio with {Xfis}te[O,T] with an initial capital X@* and
self-financing strategy y&*, t € [0, T, respectively given by

(

, 1
ngs — e—rT ('YOBTT o E) SO o €_TTK,

. 1 <&
d“:—E ) e (], k=1, ...
’yt n i:ke ) (k 1 k]a ) y 1,

1=
dis _ — 7T(T7ti)'
"o n ; €

Then, one can show that

\

. 1 —
X%Zs = EZISt’L — K.
Indeed, using
d(e™ " X;) = yed(eSy)
and the fact that v, =, for t € (t5_1, tx], integrating both sides yields

T
e Xy — Xy = / v d(e™™S;)
0
n e
= Z/ ’yt d(e_rtSt)
k=1 tk-1
n e
= Z/ ’ytk d(e_”St)
k=17 th—1
== Z’Ytk (6_Tt’“5tk — e_rt’“*lstkfl) .
k=1

Using the form of ;, and changing the order of summation, we further have

n n
efrTXT _ XO _ %Z Z efr(Tfti) (efrtkstk _ eirtkilstk,l)
k=1 i=k

15



n (2

1
- 5 Z Z e ) (67”165% - eirtkflstkfl)

i=1 k=1
1 n
— —r(T—t;) (,—7rt; .
- ;e (e St So)
et ~ S0 - —r(T—t;)
== n ZZ:; Sti n ZZ:; e

—rT n

1
_ Z St, — So (70 - —€_TT>
n 4 n

Therefore,
1 < 1
Xr=eTX,+ — Sy, — S, et —— ).
T 0T ; t; 0 (% n
Choosing Xy as given above yields the desired X.
The remainder of the derivations is the same as the case with continuous sampling, that

is, the price of the Asian option is given by V45(¢, S;, V%) = S,g%s(t, Y, %), where Y4¥ =
Xdis /8, and g%* is the solution of the following PDE:

1S 1 x] 1S
gi" (6 y) + 50700 — )9, (ty) =0, te[0,T], y €R;
9" (Ty)=y* yeR.
Comparing with , the difference of the PDE emerges from the definition of + and
dis
s,

Further Readings

1. The change of numéaire approach for pricing Asian options with arithmetic average
for continuous sampling when r = 0.
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