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Chapter 5: Pricing of Exotic Options: Barrier Options
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Preview

This chapter introduces methods for pricing path-dependent options whose payoffs depend
on the ultimate maximum or minimum of the underlying risky asset. We shall look at two
types of such options: a barrier option, which has a non-zero payoff only if the underlying
asset price ever (or never) crosses a threshold; a lookback option, whose payoff depends on
the maximum price of the underlying asset within certain period.

Key topics in this chapter:

1. Barrier options;

2. Lookback options.

1 Barrier Options

We shall focus on the Black-Scholes model throughout this chapter, i.e., the price of the
risky asset is given by
dSt = St(ﬁb dt + O'dBt),

or under the risk-neutral measure P,

dS, = Sy(rdt + o dB,). (1)

The payoff of a barrier option is non-zero only if the price of the underlying asset ever or
never hits a prescribed level, called the barrier. Barrier options can be classified into two
main types, each of which has two subtypes:

1. Knock-out options: the option becomes worthless (i.e., is “knocked out”) if the price
of the underlying asset crosses the barrier. The payoff is non-zero only if the barrier is
never breached.

(a) Up-and-out options: the option is knocked out if the asset price rises above a
specified upper barrier.



(b) Down-and-out options: the option is knocked out if the asset price falls below
a specified lower barrier.

2. Knock-in options: the option becomes active (i.e., is “knocked in”) only if the price
of the underlying asset crosses the barrier at least once. The payoff is non-zero only if
the barrier is ever breached.

(a) Up-and-in options: the option comes into existence only if the asset price rises
above a specified upper barrier. Otherwise, it pays nothing.

(b) Down-and-in options: the option comes into existence only if the asset price
falls below a specified lower barrier. Otherwise, it pays nothing.

In this section, we focus on up-and-out options. The pricing approach works analogously
for the other three types of barrier options. The payoff of an up-and-out option with strike
K > 0 and barrier b > 0 is given by

VT - (ST - K)+]]‘{max0§t§T StSb}.

Here, we assume that K < b and Sy < b; otherwise, the payoff of the option is always
Zero.

In the sequel, we consider two pricing approaches: the PDE approach by Black-Scholes
equation, and the risk-neutral pricing approach.

1.1 Black-Scholes Equation

We begin by applying the risk-neutral pricing formula and aiming to derive a Markovian
characterization of the option price using the Black-Scholes equation. Let {V;}.cjo,r) be the
price of the option at time ¢. Using the risk-neutral pricing formula, we have

Vi = E[e_T(T_t)VTU:t] _ e—r(T—t)IE (ST _ K)+]1{maxogth Stgb}"’t;f ) (2)

We know that the discounted price process {e "V, }ep1 1s a f”—martingale.

Recall that to apply the Black-Scholes PDE approach, the payoff must be Markovian with
respect to the chosen state variables. However, the payoff of an up-and-out option depends on
the random variable maxy<;<7 S, rather than solely on S7. One way to restore the Markov
property is to augment the state space by introducing a new process S} := maxo<y,<t Sy, SO
that the payoff can be expressed as a function of the pair (Sr, S;.). This approach, however,
involves the use of Brownian local time and the dynamics of S;. The former is beyond
the scope of this course, and we will discuss the latter in Lemma below.

Alternatively, we present a method based on a stopping-time argument and condition on
whether the barrier level has been breached. To this end, we define the stopping time 7,
which is the first time the price of the underlying asset cross the barrier b:

= inf{t € [0,T] : S; > b} NT.

2



Since {e7""V; }iejo.r) is a P-martingale, by the optional sampling theorem (Theorem 1.4,
Chapter 4), the stopped process

—r(tAy) eV, if0<t <1y
‘ Vine, = eV, ifm <t <T,

is also a I?Pa—martingale.

The discounted price on the event {m, <t < T'} is straightforward. If 7, < T, the barrier
has been breached, so the option is knocked out and V;, = 0. If 7, = T, the option survives
until maturity, and the price at t = T' is simply the payoff.

Remark 1.1. For continuous-time diffusion such as geometric Brownian motion, the first
hitting time of the barrier 7, coincides almost surely with the knock-out event if 7, < T,
since the process S; almost surely exceeds the barrier in the interval (7,7, + ¢) for any
€ > 0. This is due to the strong Markov property together with Blumenthal’s 0-1 law
for Brownian motions, so the option is effectively knocked out at 7,. If 7, = T', the option
survives until maturity, since there is no remaining time for the underlying to cross the
barrier. Indeed, 7, =T <= max<;<7 5S¢ < b.

The following theorem provides a Markovian characterization of the option price prior to
barrier breach, expressed via the Black-Scholes PDE.

Theorem 1.2 Let v:[0,7] x [0,b] — R be the solution of the following PDE:

( 1

vt 8) + 505t 8) + 5075 0 (b 5) = ro(t, ), (t,8) € (0,7) x (0,0);

v(t,0) =0, 0<t<T, (3)
v(t,b) =0, 0<t<T;

(v(T,s) = (s — K)7, 0<s<hb.

Then, {e "")y(t A Ty, Sian,) bep.r] 1S a P-martingale. In addition, V, = v(t,S;) for
0 S t S Tp-

Proof. For any t < 7, the stock price process S; < b. In that case, v(t,S;) is well-defined
since S; stays in the spatial domain of v. Using and applying [t6’s lemma to the process
e "wu(t, S;), we have, for t < 7,

dle " (t, Sy)) = e | —ro(t, Sp) + ve(t, Sp) + rSs(t, Sp) + %02537)%(@ Si)| dt

+ G_TtO'StUS(t7 St) dét
= ¢ "o Su,(t, S)) dB,. (4)



Integrating the above over the interval [0,¢ A 7], we have
tATy .
O A Sipn) =0(0,50) + [ T S,0.(0,5,) dB.
0

By the optional sampling theorem, the stopped It6 integral, ft/\Tb e "o Syvs(u, Sy) déu, is a
P—martlngale and so as {e " I\)y(t A 7, Sinn,) breo,r)-
On the other hand, integrating from t A1, to T' A\ 7, we have
TATy .
e TN Y(T A Ty, Sram,) = € "yt Ay, Sipr, ) + / e "o Suvs(u, Sy) dB,.

t/\’Tb

Using the optional sampling theorem, we have

e "Ny (t A Ty, Sinr)
—E [e (TAT)y, (TN Ty, STAT,) ‘-thb}
—E [e r(TATs) (T AT, St/\Tb)Il{TKT} ‘-Ft/\rb} + E [ T(TATb)U(T N Ty, St/\n,)]l{rsz} ‘fmrb]
=E [e7 ™ v(m, S,) ]l{Tb<T}’]:th] +E [e7 (T, ST)]]-{TI,:T}|]:t/\Tb}
=E [e*””v Tp, b H{Tb<T}‘-F;‘//\Tb} +E [ Tu(T, ST) 1 maxo<u<r Susb}p:t/\nz}
—E [e™" (S — )" Lmaxocuer Su<b} |ft/\7—b}
=K [e™ VT‘-/T'.t/\Tb} ;

where we have used the fact that m, = T' <= maxo<,<r S, < b, and the boundary
conditions of v specified in .

In particular, in the event ¢ < 7, we have ¢t A 7, = ¢, and thus
eMo(t,S) =E [e7 Ve F], {t <m).

Combining with the risk-neutral pricing formula, e™"V, = E[e‘rTVﬂ}}], we have, in the
event {t < 7},
,rt (t St) [ frTVT‘ft] — eﬂ"t‘/;/7

so that V; = v(t,S;) for t < 7,. Finally, the condition v(t,0) = 0 for 0 < t < T follows
from the fact that once the geometric Brownian motion hits the level 0, it will stay at 0
afterwards. O

1.2 Risk-Neutral Pricing

In this subsection, we compute the risk-neutral price using and the distributions of the
Brownian motion and its running maximum.



To this end, upon solving the SDE , we have

2 ~
%" \t+0B R
S = Soe =T )roB _ geolit

where
0.2
r— 5 Sa =~
o= and B} :=at+ B;.
o
Hence,
Ra AT
max S; = max Spe?Bt = Spe”Mr (5)
0<t<T 0<t<T

where M 1= maxg<s<; B

Using these, we can rewrite the payoff V of the knock-out option as follows:
Ve = (SoeP — 1) 1
= T — —
T < 0¢ > {soe"M%gb}

R
- (SOQUBT — K> I]_ Ba Q
{Soea T>K, Soea Tgb}

= <So€OB% — K> H{E%Zl‘h M%Sm}’ (6)

1 K 1 b

Note that m > 0 and m > k since b > Sy and b > K. Hence,

where

V,=e"TYE [(Soe"é% - K) Ligass, M%Sm}‘ft] :

In what follows, we compute the time-0 price of the knock-out option by utilizing the joint
distribution of (M%, B$), a Brownian motion with drift and its running maximum, derived
in the Chapter 4.

By Theorem 3.1 in Chapter 4, the joint density function of (]T/[/%, E%) is given by

2(211} — .T) ar—
Ao Ra w7x = ——F—¢€ e
Tty (0 1) =~

To determine the integrating region, note that the density function is supported in {(w,x) :

1.2 7(2w71)2
2T o <w, w>0.

r < w,w > 0}. In addition, the condition {E% >k, ]\A/f% < m} restricts the integrating
region to {(w,x) : k < x, w < m}. Combining the two regions, the integrating region is
given by

{(w,z) : k<x<m, 2t <w<m},

where kT = max{k, 0}.



Using the integrating region, under IAP/’, the time-0 price of the knock-out option is given

by
Vo = e—rTIE [(S 60'5% — K) 1{§a2k7 ]Tj%gm}:|

= TT/ / (Soe” = K) fiza o (w, ) dw d

N T22w —x) . 127 (w-x)? )

rT ox oz a”T

—¢ She® — K / — LM% e o dw ) dx
/k ( 0 )< o+ TV2rT

€7TT m 2
S eoz - K eaz——a T—ﬁ dl’
57 /. ( )
et m L 2 (2m—)?
_ She%% — Kt 3o T—"—=F dx
V2rT Ji (S0 )
=: Soe (I} — L) — Ke ""(I3 — ). (7)
We define and compute the integrals I7,...,I; as follows. Consider integrals of the
form
1 127 (o= )T/ _emm)?
ye— 50’ T—55 dx =e dx
V22T Jk

7'7T

ozf'y )T/

_(a —'v T [ (
=e
[ b
@)t In S_0> —oT In (%) —oT
—e 2 N — N
oVT oT

_ o [ [(In(52) 4 oyT o (m () T
=e N <—a = ) N< /T >
(8)

where we have used the fact that N(—z) = 1 — N(z). Likewise, using with v being
replaced with v 4+ 2m/T, we have

Y

2 (2m— ac)
T— 2T

e’yx—fa

L dx
27T
T
~3(2r 124 2R g [N (ln (52) + 2mo + ayT) N <1n (%) + 2mo + 07T>

= € 2
ovT ovT
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In (%) +2In (&) + 09T
ovVT a\/T
In <Kb—;0> +oyT In (%) +oyT
- N
ovT ovVT

2
e—a s —T+2mry N

a2_2
—= T+2m~y N

=€

To compute I;, we use (§) with v = ¢ + a, which yields

n (%) +o(c+a)T N In (52) + o(c + )T
oVT

oo () 5o ()

(11)

where

0_2
and we have used the definition of o = T;T , = 7"—"—22 and o(oc+a) = r+30°.

Likewise, using with v = a, we have

(a+a):c——o¢2T—ﬁ dr

N <ln( U)\/—{;aaT) N (m( U)\/}U@T)
= (o (Ger)) - (o (). (12

Next, we compute I and I, which are of the form of @ For I5, by identifying v = a+o,
we have

2 2
a‘—a
= e_ 2 T

1 m 1.2 (27" z)
Iy = e T dz

27T Sk




b
_ 6_a2*(‘;+0)2T+2m(a+o_) [N (ln (KSO) + O'(Oé + U)T) . N <1n (S()) + (Oé + U)T)]

oVT
2(a+o)

(L) V() - (= (7))

() P () ()]

Likewise, to calculate I, we use @ by identifying v = «, we have

|

2 (2m71)2
[4 — az— ﬂx T— By

\V2rT

emljj( ) ()

() e (2 m) - (3)]

)P ) e
S P () (5]
2 e () (e (20)
e[ (3) o (5)]
e () oo ()5 (2]

For t € [0, 7], by Theorem 1.2} the price of the option is V; = v(¢,5;) if 0 <t < 7, V; =0
if i, <T and t > 7, and Vp = (S — K)*. We can derive the formula of the function v(t, s)
as follows:

dx

(15)

1. Case 1: 0 <t <T, s> B: v(t,s) = 0 since the option knocks out;

2. Case 2: 0 <t <T,s=B:v(t,s) =v(t,B) = 0, since the option will immediately
exceed the barrier b after ¢;



Case 3: t=T,s>0: v(t,s) =v(T,B) = (s — K)T, since the option expires and there
is no additional time beyond T for the underlying asset price to exceed b;

. Case4: 0 <t <T,s=0: v(t,s) = 0 since once the geometric Brownian motion hits 0,
it will stay at 0 afterwards;

Case 5: 0 <t <T,0< s < B: v(t,s) can be obtained by replacing T with 7 := T — ¢,
and Sy with s, i.e.,

s V0 (e >>—N2(5+<§’T>>]
e [ (o (o)) - bz( <§’T>>} b
ke () (o () - (- ()]

Note that Cases 1 — 3 are nothing but the boundary conditions for the PDE (3)).

2 Lookback Options

The payoff of a floating strike lookback option depends on the ultimate maximum price
of an underlying asset over the horizon [0,7]. Let

Sy := max .
0<u<t

The payoff of a lookback option consider in this section is given by

Vi o= S5 — Sr. (16)

Note that the payoff is non-negative since S;. > St by definition.

Using the risk-neutral pricing formula, the price V; of the lookback option at t € [0, 7] is
given by B
V, =E [e " D(S5 — Sp)|F] -

One can indeed show that the pair {(S;, ;) }iepo,1] is @ Markov process (proof omitted herein),
and thus there exists a function v(¢, s,y) such that

‘/t = U(ta St7 S:)



2.1 Black-Scholes Equation

In this subsection, we shall derive the Black-Scholes pricing PDE for the lookback option.
To this end, we need to examine the dynamical properties of the process S*.

Lemma 2.1 The running maximum process S; has zero quadratic variation, i.e., (S*), =
0. In addition, its differential satisfies dS; = 0 whenever S; < S;.

Sketch of Proof. We first prove that (S*); = 0. Note that S; = maxo<,<; S, has continuous
sample paths since S is continuous. In addition, S} is non-decreasing in ¢. Using these two
facts, for any partition IT = {0 =ty < t; < --- < t, =T}, we have

> (si-si) < e (51— 85.) 20 (55— 51)

=1 =
— max (5,;; -5 ) (S5 — Sp) = 0

as |[II|| — 0, since man:l,...,n(S;; - S;"j_l) — 0.

We give a heuristic idea for the second statement. Since the running maximum S; in-
creases only when S; reaches a new maximum. If S; < S}, continuity of S implies that this
inequality persists locally in time, so S* remains constant in a neighborhood of [t — 4, ] of

t[f] Hence, dS; = 0 if S, < S;. O
We now provide the Black-Scholes pricing PDE for the lookback option.

Theorem 2.2 Let v(t, s,y) denotes the price of the lookback option with payoff at
time t € [0,7] when S; = s and S} = y. Then, v satisfies the following PDE:

( 1

v(t, s,y) + rsvg(t, s, y) + 50252035(t, s,y) =rv(t,s,y), 0<t<T, 0<s<uy;
v(t,0,y) = ey, 0<t<T,y>0;  (17)
vy(t,y,y) =0, 0<t<T, y>0;
(v(T,5,9) =y —s, 0<s<y.

Examining , we observe that the PDE itself coincides with the standard Black—Scholes
equation for vanilla options, despite the presence of an additional state variable. The dis-
tinction lies instead in the domain and the boundary conditions.

First, the effective domain of v is {(¢,s,y) : t € [0,T], 0 < s < y}, which reflects the
fact that the running maximum S} is always at least as large as the current stock price
S,. Second, the boundary condition v(t,0,y) = e 7"~y follows from the observation that

!The choice of § = §(w) > 0 depends on the realization S} (w), which is thus random in nature.
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once the stock price hits zero, it remains there, so the option payoff depends solely on
the running maximum value at that time. Finally, the boundary condition v,(¢,y,y) = 0
ensures that variations in the running maximum do not contribute to the option value when
s = y. Since the running maximum process increases only when S; = S/, this condition
effectively eliminates the contribution of the dS; term in the pricing argument; see the proof
below.

Proof. Tt suffices to show that the process {e ""v(t, S;, S;) }eo.r] is a P-martingale. In that
case, using the terminal condition at ¢t =T,

e "(t, Sy, S7) = Ele " To(T, Sr, S2)|F] = Ele " TVp|F] = eV,

where the last equality follows from the risk-neutral pricing formula. As such, v(¢, S, S)) =
V; as desired.

To deduce the I@—martingale property, we apply Ito’s lemma to {e~"v(t, S, S7) }iejo,1), and
using the risk-neutral dynamics of S; given by , we have

d (e‘”v(t, Sy, St*))
= —re "w(t, Sy, SF) dt + e "ty (t, Sy, SF) dt + e "v,(t, Sy, S§) dS; + e*”vy(t, St, S;) dSy

1 1
+ Evss(t, St; SZ() d(S)t + vsy(ta St, St*) d<S, S*>t + évyy(t, St, S:) d<S*>t

1
= e—rt( — ’I‘U(t, St, S:) + Ut<t, St, S:) + ’T‘Us(t, Sta S:) + Eazvss(t, St; S:)) dt
+oe",(t, Sy, SF) dB,
1
€77 (L 51, S7) S + vyt 5oy SAS, )i + St S1s S7) (S

By Lemma [2.1] we have d(S*), = 0, which also implies d(S, S*); = 0. On the other hand,
dS; # 0 only on the event {S; = S;}. Hence,

e_rtvy(t, St, St*) ds; = €_Tt1}y(t, Sy, Sf)]l{gt:g;}de + B_Ttvy(t, St, St*)ﬂ{gt<gt*}d5:
= €7Tt?)y(t, St*v S:()]l{gtzsg}d;s’: + €7rt’Uy(t, St, St*)]l{st<st*}d‘5;|<
= 0.

Note that the first term vanishes because of the boundary condition v, (¢, y,y) = 0; and the
second term is zero since dS; = 0 on the event {S; < S} }.

Combining the above calculations and using the Black-Scholes PDE, we have
d (e o(t, S, ST))
1
= eirt ( — ?“v(t, St, St*) + 'Ut(t, St, St*) -+ T'US(t, St, St*) —+ 502U85(t, St, St*)) dt

11



+ oe ", (t, Sy, SF) dB,
= e "uy(t, S, SF) dB,,

which thus proves that {e " v(t, S;, S;) }eejo.r) is a P-martingale.
O]

The PDE involves two spatial variables, (s,y). We next introduce a dimension-
reduction technique that allows us to transform it into an equivalent one-dimensional PDE.
To this end, observe that for any A > 0, the price of the option with payoff A\S5 — ASt
is exactly A\ of the price of the option with payoff S — Sr. We thus deduce the following
positive homogeneity of the function v:

v(t, As, \y) = M(t, s,y), A> 0.

Hence, for t € [0,7],0 < s <y, y > 0, we have

v(t,s,y) =yv (t, 2 1) = yu(t, 2, 1),
y

where z := s/y € [0,1]. This motivates us to define the function u : [0,7] x [0,1] — R
by
u(t,z) == wv(t, z,1). (18)

Hence, to solve v, one suffices to solve v, one suffices to solve w which satisfies a one-
dimensional PDE as derived below.

Using the definition v(t, s, y) = yu(t, z) with z := s/y, we have
dz

1 dz S
ds y

z
and —=——=——.

dy Y
Hence,

dz

d
vyt 5,9) = ult, 2) + yus(t, Z>£ = ult, 2) — zus(t, 2),

dz 1

Ves(t,8,y) = u.(t, z)% = guzz(ta z). (19)

Substituting into (17)), we have
1
0 =wv(t,s,y) + rsvs(t,s,y) + 502521)33(75, s,y) —ru(t,s,y)
2

1
= yu(t, z) + rsu.(t, z) + 502 <S—> Uy (L, 2) — ryu(t, z)
)

12



1
=y |w(t, 2) + rzu.(t, z) + 502z2uzz(t, z) —ru(t,z)|,
and thus we arrive at

1
u(t, z) + rzu.(t, z) + 50222%2(1&, z) = ru(t, z).

For the boundary conditions, when s = 0, z = 0 and thus
yu(t,0) = v(t,0,y) = e " Ty = u(t,0) = e 7T,
When s = y, we have z = 1, and thus
0=uv,(t,y,y) = u,(t, 1) —u(t,1).
Finally, when t =T,

yu(t,z) =v(T,s,y) =y —s=u(t,z) =1—z.

Collecting the PDE and the boundary conditions, we see that u satisfies the following
PDE:

(

1
w(t, z) + rzu,(t, z) + 50'222uzz(t, z)=ru(t,z), 0<t<T, 0<z<l,;
u(t,0) = e T, 0<t<T; (20)
(u(T,2) =12, 0<z<1.

Note that u satisfies a one-dimensional parabolic PDE with a Robin-type boundary condition
at z = 1.

2.2 Risk-Neutral Pricing

In this section, we provide an explicit formula for the lookback option using the risk-neutral
pricing method and the joint distribution of (M, B$), where we recall that

o2

2 BY = at + By, ]\ZQZ max B,

o 0<s<t

Recall from , under the risk-neutral probability measure ]?”, we have, for any 0 <t <
T o o
Si = Spe”M7 = SerM?e“(M%—M?) - St*eff(M%—Mé’).

13



Note that for any 0 <t < T,

max By — M;*, if max BY > M/,

= =7 t<s<T t<s<T
Mg — My == ==
T t _ ~ —
0, if max By < M.
t<s<T

Hence, we have

+
M7 — My = | max By — M/
t<s<T

+
= | max <B§‘ - Bf) - <Mf‘ - Bf‘)}
|[t<s<T

[ 1 Soere\ 17
= | max <B§‘—Bta>——log< L )]
t<s<T o SyeoBs

1 S0 a ST
== {Jtrgrg%)% (BS — Bt> — log (E)}

Therefore, the risk-neutral price can also be represented as

V, = e "TDE[Sh — Sp|F]
= ¢ TOF [ 577 (M=) | 7] — e (TOF [57| F}]

S; ex 0 max (Ea—§a>—lo 5% ' |7 —e”IE[e_rTS | ]
t &Xp 2L\ Ps t g 3, t T/t

~ - SI\1T
exp {0 nax, (BS — Bt> —log (E)} ‘E — St (21)

where we have used the fact that e™"S; is a @—martingale in the last equality.

e—r(T—t) f[‘.‘i

_ S;ke—r(T—t)IE

To compute the first expectation in (21)), we note that S} /S, is Fi-measurable, while
B¢ — By is independent of F;, thanks to the independent increment of Brownian motions.
Hence, by the independence lemma, we have

E |ex 0 max <§°‘ —§0‘> —lo S i | Fe| = 9(S:, S;)
p o \Ps t g s, t g\ot; Oy ),
where
+
T Do . Ho . g
9(s,y) =E em([aggg (Bs Bt) log(s)l )] , 0<s<y. (22)
Consequently,

Vi = Sre " T0g(8,, S7) — S,

14



The price of the lookback option thus admits a Markovian form V; = v(t, S, S}), where

—r(T—t)

v(t,s,y) = ye q(s,y) —

To compute V;, it suffices to compute the function g(s,y). By the stationary increment
of Brownian motions, we know that

max BY — B = max( (s—t)—l—és—ét)

t<s<T t<s<T

< max <a(s —t)+ Es_t>

0<s—t<T—t

4 max (au+§u>

0<u<T—t

= M%ft = Ma

T

where 7 := T —t. Hence,

=B (3 = Zos (4)) + 2B [ 1t 23)

We proceed to compute the first probability in (23]). Using the CDF of Mf (see, Corollary
3.2 in Chapter 4), we have

s - () - ()

By taking m = Xlog(y/s), we have
m— ar Llog (L) —
() 2
Ve \/_ )
1 _
N og ( crom')

. 10%( - —% )

15



where §; was defined in . Likewise,

() - () w2

Therefore, the first term in (23)) is given by

2r

Bt < Tog (U)) = (<o (Sr) )= ()7 N (o (Br).

Next, we compute the second term in . To this end, we make use of the density
function of M under PP (see, Corollary 3.2 in Chapter 4):

2 _(m-ar)? 9 ( m+a7')
—~ (m) = e 21 —2ae N || — )
w0 = o v

As such,

o° 2 _ (m—at)? /OO m -+ ot
= e?m 27 dm — 2« e2ata)m s (— ) dm 25
[log(z) V2T Llog(%) VT )

The first integral on the RHS of can be computed as follows:

oo 2 _ 2 2 0 2 _ 2
_(m—ar) o2 _ (m=((ot+a)7)
/ ——™ 2r  dm = e 2 / e 27 dm
110g(¥) 2T Liog(2) V2nT
o0

o
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= 2N (5+ (57)) . (26)

Next, we calculate the second integral in (25). To this end, we shall rewrite N(-) as
an integral, and apply Fubini’s theorem to change the order of integration, depicted as

follows:
/ e(2a+o)mN <_m + 0”-) dm
& tos(1) VT

00 _mtar 2
_ (2a+0)m &/ el ) a
= e z m
Alog(i) ( —00 V2

_o llog(y/s)+ar aT+2z/T
:/ NG / (om+zvT) g oot @atoym g g
e liog(y) V2w

/5—(y/s,f) /(aTJrz\ﬁ) 1 2 2om
= e~ Tt dmdz
—o0 Liog(2) V2T

—(at+2z/T)
dz

B 2rv/2m L1og( %)

- (/s7) 22 2r(artzy/7) Y\ 5 s2
T o —(2)7T e T ) da. 27
27“\/ 2w ( ( S ) ) (27)

Next, we compute the first integral in . By completing squares, we have

-2 202
—(y/s,1) 7£72T<QT+Z\F) e Tar 2T —0_(y/s,7) 7(Z+QTT\E>2

2 o 1=— e 2 dz
2r\/ 2w 27“\/ 2T oo

—5_(y/s, 7') (Z+QTT\F)2
> dz

~w/sTH T

5 d
27“\/ 2T :
5+ s/yT e

-5 z d
27’\/ 2T / ;

- ‘7; N <5+ (Q,T)) . (28)

On the other hand, the second integral in can be computed as follows:

o y\Z [O-WsT) e oY\ & 5 (Y
) [ g ) ()
21/ 21 (s) /oo ¢ : 2r \s S g ( 9)
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Therefore, substituting (28) and (29)) into . 27)) yields

> 2 (m-am)? oe’™ s oY\ = Y
—e dm = N{o|—7)]—=— <—> N (—5_ (—,7’)) . (30
/1og(g) V2rT 2r ( i (y )) 2r \s s (30)
Consequently, we can substitute (26| (30) into (25| to obtain

B[ 1 50 1)
=2 (0 (5)) 25 (0 () 7 (07 (- ()
(e ()62 ()

S(-5) ()7 (o ()

. (1 " 2_) N (5+ (y)) ; (1 - 2_> ()7 x (-6 (L)),
Therefore, substituting (24) and (31) into (23), we obtain

log (%)) + §E [e”m ﬂ{ﬁs>slog<%>}]

)= @F W e ) () e (5 (50))

Finally, for 0 < ¢t < T,0 < s <y, and 7 = T — t, the price of the lookback option,
v(t, s,y), is given by

—rT

u(t, s, y) = ye g(s;y) —s
o2 () e ()
() (e (0 -




Further Readings

1. Reflected Brownian motions;
2. Brownian local time;

3. Pricing of American options.
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