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Preview

Interest rates are not constant over time; rather, they are inherently stochastic and evolve
dynamically, much like risky assets. In this chapter, we introduce a range of interest rate
models, including one-factor models, multi-factor models, and the Heath—Jarrow—Morton
framework. We also discuss the associated bond-pricing equations under these different
modeling approaches.

Key topics in this chapter:
1. One-factor interest rate models;

2. Multi-factor interest rate models;
3. Bond-pricing equations;

4. Forward rates and the Heath-Jarrow-Merton model.

1 One-Factor Models

In this chapter, we let [0, 7] be a fixed horizon, where T > 0. We denote by {r};cjo7 an
interest rate (a.k.a. the short rate) process, which is an adapted stochastic process on the

filtered probability space (2, F, {F: }iep,77: P)-

A zero-coupon bond with maturity 7 € (0,7] is a contract that pays 1 at time 7. Let
P(t,T), t €[0,T], denote the price of such a bond at time ¢. To introduce the interest rate
model, we first define the (short-rate) risk-neutral measure.

Definition 1.1 A probability measure P is called a (short-rate) risk-neutral measure if,
for every maturity 7' € (0,77, the discounted zero-coupon bond price process

{e‘ Jirsds P, T)}

te€[0,T]

is a @—martingale.



One-factor models are driven by a single source of randomness. In the diffusion framework,
a one-factor interest rate {r;};co,7] is modeled by the following SDE under the risk-neutral
measure:

dry = B(t,re) dt +~(t, ) dét, (1)

where 3,7 : [0,7] x R — R, and {Et}te[o,ﬂ is a Brownian motion under the risk-neutral

probability measure P.

By the definition of the risk-neutral measure, we have

D.P(t,T) =E[DrP(T,T)|F],
where {D; }4c(07) is the discount process given by
D, = effgrs ds

Since the payoff of the bond at maturity is given by P(T,T) = 1, we deduce that

PtT)=E [%ﬁ\]—}} —E [e-ff . d5|]-"t] . 2)

We apply the Feynman-Kac formula to characterize the price of the bond given in ({2).
Recall that the formula provides a PDE for the function

o(t, @) = BN [ B X (x| (3)
where {X; }ic0,) satisfies the SDE
dX; = b(t, X;)dt + o(t, X;) dBy.
By the Markov property, we also have

o(t, X,) = E e I X0 ()| 7

Therefore, by identifying f = 1, X; = ry, c(t,r) = r, we see that P(t,T) = p(t,r),
where

p(t,r) = E [e— [T ds} .

By the Feynman-Kac formula, we see that p(t,r) satisfies the following PDE:

pe(t,r) + B, r)p(t,r) + %72(25, T)per(t, 7)) = 1p(t, 1),
p(T,r) =1.




The PDE is called the bond-pricing equation that characterizes the price of a zero-
coupon bond under the one-factor model . The domain of r» depends on the underlying
model, i.e., the choice of § and +. Below, we present different one-factor models and the
corresponding solution to the PDE (4)).

We can compute the yield of the zero-coupon bond from its price, defined as follow:
Definition 1.2 The yzeld of a zero-coupon bond between time t and T is given by

~In Pt,T) _lnp(t,rt)
T—t — T—t

Y(t,T):=

1.1 Hull-White Model

The Hull-White model was introduced by John C. Hull and Alan White in 1990. In the
Hull-White model, the interest rate {r;},c[o 7 satisfies the following SDE:

dry = (a(t) — b(t)r,) dt + o(t) dB,, (5)

where a,b,0 : [0,T] — [0,00) are deterministic functions. When a,b, o are constants, is
reduced to the Vasicek model. In other words, we have

B(t,r) =a(t) —bt)r and ~(t,r)=0c(t).

Using the method of integrating factor, we can deduce the following:

t t
r=rge Job)ds o= Jobls)ds / eJo b g (s) ds + e~ Jy bls) ds / elo bW 5 () dB,,
0 0

t
Elr] =roe” Job(s)ds 4 o Jo b(s)ds / eJo blu) du a(s) ds,
0

t
Var[ry| = e=2Jo () ds/ o?(s) e2Jo b du g,
0

The Hull-White model is mean-reverting, with the short rate pulled toward a time-
dependent long-term level determined by a(t)/b(t). The function b(t) determines the speed of
mean-reversion. However, the Hull-White model allows the short rate to be negative due to
its normality. Figure [l|depicts the average short-rate paths (computed from 1,000 simulated
trajectories) under different constant parameter specifications (a,b, o) in the Hull-White
model.
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Figure 1: Average short-rate paths (1,000 simulations) under the Hull-White model for
different (a,b,0).

Under the Hull-White model, the bond-pricing equation is reduced to
1
pe(t,r) + (a(t) — b(t)r) pe(t,r) + 502(t)prr(t, r) =rp(t,r),
p(T,r) = 1.
To solve the PDE @, we consider the ansatz
plt.r) = T OUTIAD), )

where for fixed T" > 0, A(t,T),C(t,T) are deterministic functions in time that are to be
determined.

We shall derive the expressions of A(t,T'), C(¢t,T) using the PDE (6] and the ansatz. By
(7)), we have

pt(t7 T) = (_TCt(tv T) - At(tv T))p(t, 7‘),
Pr (ta T) = _C(t7 T)p(t, T)a Prr (ta T) = 02 <t7 T)p(t, T)' (8)

Substituting these into the PDE @, we have

0 = po(t.7) + (alt) — b)) polt,r) + %az(t)pw(t, r) — rp(t,7)

= {(—rCt(t,T) — A, T)) — (a(t) = b(t)r) C(t,T) + %az(t)CQ(t,T) — 'r] p(t,r)

{(—Ct(t, T)+bt)Ct,T) —1)r — Ay(t,T) —a(t)C(t,T) + %JQ(t)CQ(t, T)] p(t, 7).



Using the fact that p(¢,r) > 0, the above is satisfied if and only if
1
~Cy(t, T) +b(t)C(t, T) —1=0 and — Ay(t,T)—a(t)C(t,T) + 502(75)02@, T)=0.
In addition, using the terminal condition P(T,T) = 1, we have
1 = P(T, T) — efrC(T,T)fA(T,T)7

which yields A(T,T) = 0 = C(T,T). Therefore, we arrive at the following system of
ODE:

{C’t(t,T) —oCT) 1 =0, [ AT a()O6T) - %JQ(t)CQ(t,T) 0,
C(T,T) =0, A(T,T) = 0.
(9)

The solution of the ODE for C' can be obtained using the method of integrating factor,
which yields:

T
C(t,T) = / e~ Jr b du g
t

Using this, we can obtain the expression for A by a direct integration:

T
1
A(t,T) = / (a(s)C’(s,T) — §U2<S)C2(S,T)) ds.
t
Therefore, the price of the bond at time t is given by
P(t,T) = plt, ) = ¢ CUD-ACT),

The yield of the bond is given by

W P(t,T)  A@T)—rC(tT)
T—t T—t ’

Y(t,T) =

which is affine in r,. Hence, the Hull-White model is considered as an example of affine
yield models.

1.2 Cox—Ingersoll-Ross Model

The Cox—Ingersoll-Ross (CIR) model was introduced by John Cox, Jonathan Ingersoll
and Stephen Ross in 1985. In the CIR model, the interest rate {7 },co 7| satisfies the following
SDE: B

dry = (a — bry) dt + o+/ry dBy, (10)

where a,b, 0 > 0.



The CIR model is a mean-reverting interest rate model, with b > 0 is the speed of mean
reversion, and a/b is the long-term mean of the model. Unlike the Hull-White model, the

CIR model produces non-negative interest rates whenever a > 0; and it satisfies r; > 0 if the
Feller condition is met, i.e., 2a > o2

Using the method of integrating factor, we can deduce the following:

E[r,] = roe™" + % (1- e_bt) ,
2

Var[ry| = % (1—e™) (roe’bt + %) :

Figuredepicts the average short-rate paths (computed from 1,000 simulated trajectories)
under different constant parameter specifications (a,b,0) in the CIR model. Note that the
paths appear smoother than in the Hull-White model because the diffusion scales with the
square root of the rate, reducing volatility when rates are low and ensuring positivity.
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Figure 2: Average short-rate paths (1,000 simulations) under the CIR model for different
(a,b,0).

Under the CIR model, the bond-pricing equation is reduced to
L,
pe(t,r) + (a — br) p.(t,r) + 39 o (t, 1) = p(t,7),
p(T,r)=1.
To solve the PDE ((11)), we consider the ansatz

p(t, 7,) — efrC(t,T)fA(t,T)’



which is again affine in the short rate r. Since the form of the ansatz is the same as the

Hull-White model, we can substitute (§]) into , which yields
0=p(t,r) + (a—br)p.(t,r)+ %02779”(25, r) —rp(t,r)
= {(—rCt(t, T)—A(t,T)) — (a—br)C(t,T) + %U2r02(t, T) - 7“} p(t,r)
_ K—cw, )+ bC(t,T) + 30202(15, ) — 1> r— AL T) — aC(t. T)] p(t.7).
Therefore, we arrive at the following ODEs:

C(t,T) — bC(t,T) — %gzoz(t, T)+1=0, {At(t, T)+a)CT) =0,

O(T,T) =0, A(T,T) = 0.

The ODE satisfied by C(t,T) depends on the square term C?(¢,T'), which is known as a
Riccati equation, whose solution is given by

sinh(y(T —t))
v cosh(y(T —t)) + 2 sinh(y(T — t))’

2a ~e3T=t)
A, T)=—-=1
(t.7) oz (7 cosh(y(T —t)) + Lsinh(y(T —t)) )’

Ot T) =

where v := %\/b2 + 202,

1.3 Limitations of One-Factor Models

One-factor short-rate models provide a tractable description of the term structure. In many
classical specifications, the yield admits an affine representation of the form

A, T) —r,C(t,T)

Y(t,T) = —

= A(t,T) — C(t,T)r,

where the short rate is driven by a single Brownian motion B. Despite their analytical
convenience, such models impose strong structural restrictions on the joint dynamics of
yields across maturities.

1. Perfect instantaneous correlation across maturities.

In practice, zero-coupon bonds of different maturities are traded separately in the
market, and their yields are computed from distinct bond prices. Empirically, yield
changes across maturities are highly, but not perfectly, correlated.



However, under the affine structure above, the yields for two maturities, Y (¢,7}) and
Y (t,T5), are perfectly correlated via r;: for i = 1,2,

dY (t,T;) = <f~1t(t, T) — rCi(t, T}) — C(t, T)A(t, m) dt — C(t,T))y(t.r,) dB,,
which is driven by a common Brownian motion B. This is inconsistent with observed
market data.

2. Restriction on slope and curvature movements. Empirically, yield curve changes
can be decomposed into three factors:

(a) Level: yields across all maturities move up or down together.

(b) Slope: short-term and long-term yields move in opposite directions, causing the
curve to steepen or flatten.

(¢) Curvature: intermediate-term yields move differently from short- and long-term
yields, creating a hump or dip.

Under a one-factor short-rate model, all stochastic yield changes are driven by B and
lie along one fixed direction. Consequently, the model can produce a parallel shift
(level) but cannot generate independent slope or curvature movements observed in the
market.

2 Multi-Factor Models

To address the limitations of one-factor models, we consider two-factor extensions of the Hull—-
White and CIR frameworks, in which the short-rate dynamics are driven by two Brownian
motions that may be correlated.

2.1 Two-Factor Vasicek Model

The two-factor Vasicek model is driven by the factors (X}, X?), which satisfies the following
dynamics:

{ dX}! = (ay — by X} — b1oX?2) dt + oy AW}, 13)

AX? = (a3 = b X! = b X?) dt + 02 AW,

where Wl, W? are standard Brownian motions under P with a correlation pe(—1,1), ie.,
d{B', B%); = pdt. We assume that 01,05 > 0, and the matrix

bir bi2
B -
(bz1 bas
has strictly positive eigenvalues A;, Ay. Consequently, the factor (X!, X?) is mean-reverting.
The short rate under the two-factor Vasicek model is then given by

Ty = g0 + a1 X} +eX?, (14)

8



where ¢, e1,62 € R.

The representation in f is overparametrized, i.e., there exists other choices of
parameters a;, b;,ex, 4,7 = 1,2, k = 0,1, 2, that will lead to the same model. In fact, the
two-factor Vasicek model admits a canonical representation involving only six parameters
Al, )\2 > 0 and )\21750751,52 S R, giVGl’l by

dé;, = =M} dt + dB,
g} = =\ ¢} dt — Moo} dt + dBY, (15)
Ty = (50 + 51§b% + 52¢?,

and El, B? are independent standard Brownian motions.

The derivation of is omitted, and we shall directly work with this canonical repre-
sentation in the sequel. Note that by the joint normality of (¢!, $?), the resulting interest
rate r; could take negative values.

2.1.1 Bond Prices

By the risk-neutral pricing formula, the price of the zero-coupon bond that matures at T is
given by, for ¢ € [0, T,
P(t, T) = IE |:€7ftTT‘sds‘.F't:| )

By the Markov property, we can represent P(¢,T") as a function of r,. Under the two-
factor model, r; is in turn an affine function of ¢}, ¢?. Therefore, we can represent the bond
price as a function of the factors:

P(t,T) = p(t. &;. 9}).

Using the Feynman—Kac formula, p(t, 31, y2) satisfies the following PDE:

1
Pe(t,y1,y2) — Myipy, (8,91, y2) — (Aaatn + Aayo)py, (E, 1, y2) + 5Py (t, 91, 92)

(16)

1
+ §py2y2 (ta Y1, yz) = (50 + 01y1 + 52y2)p(t, Y1, ?/2),

p(T,y1,y0) = 1.

We propose an ansatz for the PDE ([16)):
p(t,y1, ) = e” OEDN=CEDR=ART) 4 e [0, 7],

This ansatz implies that the yield of the bond is affine in the factors (instead of simply in

T¢):
V(. T) = _1nP¥,_¢i, o) _ Ci(t. T)o) + c;%(i tT)cb? +A®T)




For notational convenience, we shall let 7:=T — ¢, C1(7) = C1(¢,T), Cao(7) = Ca(t, T), and
A(r) = A(t,T), as these function shall depend on ¢ via T — ¢t = 7.

Using and ansatz, we have

Pt y1, y2) = (CLT)y1 + Co(T)ya + A'(7)) p(t, Y1, y2),
Do (6 Y1, 92) = —CrL(T)D(t, Y1, Y2)s Py (B 91, 92) = CF(T)p(t, Y1, 42), (17)
pr (tv Y1, 92) - _02 (T)p(ta Y1, 92)7 pygyz (t7 Y1, y2> = CQQ(T)p(tv Y1, 92)

Substituting these into (16]), we obtain
0 = p(t, y1,y2){01(7)y1 + C3(T)y2 + A (1) = Mya (—=Ci(7)) — (Aaayn + Aay2) (—Ca(7))

1 1
#5080+ 5CH) — (Bt dun -+ ) |

= p(t, Y1, yg){ [01(7') + )\101(7') + )\2102(7') — (51] U1 -+ [Cé(T) + )\202(7') — 52] Y2
+ A'(1) + %012(7) + %CS(T) — (50}

Along with the terminal condition p(7),y1,y2) = 0, we deduce that A(0) = C1(0) = C(0) =
0. Therefore, we arrive at the following ODEs:

Using the method of integrating factor, it is easy to see that

Cy(r) = / 8220577 (g = % (1- e‘AQT) .
0

2

Substituting the solution of Cy(7) into the ODE of C}(7), using the method of integrating
factor, we obtain

01(7') = / 6_)\1(7—_8) (51 — /\2102(8)) dS
0

e (-2
0 A2

10




:/T 51_52)\21 641(775)+52)\21641”@142)5 s
0 Ao A2

1 0221 ) d2A21 ) Y .

— (6 - ] — e N7y 02 (et omNiTy i) £ )
B )\1 < 1 >\2 > ( € ) + )\2()\1 . )\2) (6 € )7 1 1 # 2
)1 5o\ 5o\ _

)\—1 <51 — 2/\221> (1 — ei/\lT) + 2/\—2217'67)\17. if )\1 = )\2.

Finally, substituting the solution of C}(7) and Cs(7) to the ODE of A(7), followed by a
direct integration, we obtain

A(T):/OT [—%C’f(s)—%cg(s)—l—éo ds.

2.2 Two-Factor CIR Model

The two-factor CIR model is driven by the factors (¢!, #?), which satisfies the following
system of SDEs:

~ (18)
d@? = (2 — )\21@ - )\22¢§) dt +/ ¢? dBt27

where El,éz are independent standard Brownian motions under @, and the parameters
satisfy the following conditions:

{d¢z} = (1 — Mgy — Ai2d;) dt +/ ¢} détl,

piy p2 2> 0, Aty Ao > 0, A1z, Aop < 0. (19)
The interest rate under the two-factor CIR model is then given by
re = 6o + 616y + 0297,

where 50 > 0, 51,52 > 0.

The condition (19)) ensures that ¢}, $? > 0 whenever ¢p, ¢3 > 0. Heuristically, if ¢} = 0
and ¢? > 0, the diffusion term in the dynamics of ¢; is zero, whereas drift term of ¢} is
positive:

1 — Mgy — Madi = piy — Aady > g > 0.
Hence, the drift term of ¢; will drive up its value and thus ¢; is always non-negative. A
similar argument applies to ¢?. With d; > 0 and 4y, 6o > 0, we see that r; > 0.

2.2.1 Bond Prices

By the risk-neutral pricing formula, the price of the zero coupon bond at ¢t € [0,7] is given
by
P(t,T) =E[e 5 | 7).

11



By the Markov property, the price is Markovian in the factors (¢;, ¢?), i.e., P(t,T) =
P(t, ¢}, $?). By the Feynman-Kac formula, p(t,y;, y2) satisfies the following PDE:

Pe(t,y1, y2) + (11 — M1y — M2y2)py, (8, y1, ¥2) + (12 — A2y — A2ay2) Py, (Y1, Y2)

1 1
+ V1P (t,y1,92) + 3Y2Py2yo (t,y1,¥2) = (60 + S1y1 + dou2)p(t, y1, ¥2),
p(T7 Y1, y?) = 1.

(20)
To solve the PDE (20)), we again consider the affine-yield ansatz:
p(t, g1, ys) = e~ VIO =ColT=0y= A=) "4 [0, 77,
Since the expression of the ansatz is the same as the two-factor Vasicek model, the derivatives

of P are also given by . Substituting into the PDE and using the notation 7 := T'—{,
we obtain

0= p(t, u1, yg){ (CUTy 4+ Cy )y + A'(7)) + (11 — Auyn — Mayz) (=Ci(7))

C? + C?
+ (2 — Aa1y1 — Aaya) (—Ca(T)) + L)y 5 2(7)ye — (00 + 01y1 + 52@/2)}

= p(t, Y1, yg){ [Ci (T) + )\1101 (T) -+ /\2102(7') -+ %O%(T) — (51:| Y1
+ |:Oé(’7') + )\1201 (7') + /\2202(7') -+ %CQQ(T) — 52:| Y2
+ [AY(7) = 1 Ci(7) — p2Ca(7) — b }

By the terminal condition P(7T,T) = 1, we have A(0) = C;(0) = C3(0) = 0. Therefore, we
arrive at the following system of ODEs:

CI(r) = =M Ca(7) — A Co(r) — %clw s

Cé(T) = —)\1201(7') — )\2202(7') — _CQ(T)2 -+ 527

C1(0) =0, (21)
\ 02<0) =0,

A1) = 1 Ci(7) + paCa(T) + do,

A(0) = 0.

12



The ODE satisfied by the pair (C1(7), Ca(7)) in is a non-symmetric Riccati equa-
tion, whose solution can be derived using Radon’s lemma. To this end, we define the fol-
lowing 2 X 2 matrices:

_ )\11 )\12 1
A= ()\21 )\22) ) A= dla‘g((sb 62)7

and a 4 x 4 matrix M by
02x2 %]2
= . 22
e (22)
Proposition 2.1 (Radon’s lemma on Riccati differential equations) Denote the

matrix exponential as
XH(T) Xlg(T)
Mr) = . 23
exp(Mr) (le (1) Xao(T) (23)
The solution to the Riccati equations for C(7) = (C1(7), Cy(7))" is given by the diagonal
entries of Xy (7)X11(7)7, ie.,

C(T) = dlag (Xgl (T)XH(T)il) . (24)
Using the solution C(7), we can compute A(7) by

A(T) = /OT (11 C1(8) + p2Csa(s) + do) ds.

3 Heath—Jarrow—Morton Model

In this section, we introduce the Heath—Jarrow—Morton (HJM) model. Rather than
modeling the short rate directly, the HJM framework describes the evolution of the entire
yield curve by modeling the instantaneous forward rate. This approach aligns with market
practice, where the term structure is inferred from the prices of zero-coupon bonds; from
these prices, yields and forward rates are derived, and the short rate arises naturally as the
limit of the forward rate as the maturity approaches the current time.

3.1 Forward Rates

Definition 3.1 Let P(t,T") be the price of a zero-coupon bond at time ¢ that matures
at T > t. The forward rate f(t,T) at time ¢ for investing at time 7T is defined by

InP(t, T+ 0)—log P(t,T) 0

f(t,T) = —15(1)1 5 = —a—TlnP(t,T).

Remark 3.1.

13



1. If the interest rate is positive, then P(¢,7 + 0) < P(t,T) (i.e., bonds with longer
maturity tend to be cheaper), then f(¢,77) > 0.

2. By integrating the forward rate over the maturity, the bond price can be computed
using the forward rate via

P@Tﬁzem3<—qu@ﬁﬁk>. (25)

Using the forward rate, the interest rate r; is defined as

Ty = f(ta t)a
i.e., the interest rate is the instantaneous forward rate at time ¢.

Given a finite horizon [0, T], T > 0, the mapping 7' € [0,T] — f(0,T) is called the initial
forward rate curve, which represents the rate of borrowing at time 0 with different maturity.
The HJIM framework models the forward rate f(¢,7), t < T, via the following SDE:

ft,T)=f(0,T)+ /Ota(s,T) ds + /Ota(s,T) dB;,

where { By },c(0,7) is a standard Brownian motion under the real-world measure IP, and (-, T'),
o(-,T) represents the drift and volatility of the forward rate under P, respectively, which
themselves can be random processes. The equivalent differential form of the forward rate is
given by

df(t,T) = a(t,T)dt + o(t,T) dB;. (26)

Using and (25]), we can derive the dynamics of the bond price {P(¢,T)}ieor) as
follows. Let

T
Y, = —/ f(t,s)ds.
t
By the Leibniz integral rule,

T
dn:f@wﬁ—/]ﬁ@@@

T
=rydt — / [a(t,s)dt + o(t,s)dB:] ds
t
= (ry—a*(t,T))dt — o*(t,T) dBy,

where

a*(t,T) ::/t a(t,s)ds and o*(t,T) ::/t o(t,s)ds. (27)

14



Therefore, by 1t6’s lemma,
dP(t,T) = de
= " dY; + %eytd<Y>t
=P, T)((ry —a*(t,T))dt — o*(t,T)dBy) + %P(t,T) (o*(t,T))* dt

= P(,T) (n —a*(t,T) + %(0*(25, T))2> dt — o*(t, T)P(t,T)dB,.  (28)

3.2 Risk-Neutral Measure

Under the HIM framework, we model the forward rate f(¢,7), and thus the associated bond
prices P(t,T), for any maturity T € (0,7T]. However, one needs to ensure such construction
would not lead to any market arbitrage, i.e., the bond prices with different maturities have
to be “consistent”.

Invoking the first fundamental theorem of asset pricing, the bond market under the HJM
model is arbitrage-free if one can construct a probability measure (i.e., the risk-neutral

measure) P, under which the discounted bond price

{DP(t,T) bicpor) = {e_fg”dsP(t,T)}

teo,1]’
is a ﬁ’—martingales simultaneously for all maturity 7' € (0, T).
To construct such a measure ]?’, by It6’s lemma and , we have
d(DP(t,T)) = P(t,T)dD; + D, dP(t,T)

— D,P(t,T) Ka*(t,T) + % (a*(t,T))Q) dt — o*(t,T)dB,|.  (29)

Suppose that there exists a process {0; },cp,7) such that, for any 7" € (0, T] and t € 0,71, it
holds that

1
o (t,T) + 5 (o™ (t, T))2 = —o"(t,T)6;. (30)
Then, we can rewrite (29)) as

where

t
Bt ::/ 95d3+Bt.
0
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As such, we can define P by, for any A € Fr, P(A) = E[Z71.,4], where

T 1 T
Z5 = exp —/ tht—i/ 02 dt | .
0 0

By Girsanov’s theorem, Pisa probability measure, under which {Et}te[oj’] is a standard

Brownian motion. By (31), the discounted bond price {D;P(t,T)}icjor) would be a P-
martingale for any maturity 7" € (0, 7.

Therefore, the bond market is arbitrage-free if there exists a process {0; };co.7], known as
the market price of risk, such that it solves the market equations . Note that the
market equations indeed consist of infinitely many equations, since we require a single 6,
independent of the maturity, that solves for all T € (0, 7).

Theorem 3.2 The bond market is arbitrage-free if there exists an adapted process
{0:} 1107 that solves the market equations for all maturity 7' € (0,T]. In particular,
holds if {0; },e0,7] solves the following equation:

—a(t,T) + o*(t, T)o(t,T) = —a(t, T)0,, t € [0,T). T € (0,T]. (32)

Proof. The first part of the theorem has been proven based on the discussion preceding it.
Hence, it suffices to prove that, if {6;},c(0 7 solves (32), it also solves (30).

By replacing T with s in , and integrating the resulting equation from s =t to s =T,
we have

T T T
— / a(t,s)ds —l—/ o*(t,s)o(t,s)ds = —/ o(t,s)0;ds
t . t t
= —a*(t,T) Jr/ a*(t,s)o(t,s)ds = —o*(t,T)b, (33)
t
where we have used the definition of o* and ¢*; see . In addition,

o(t,s) = dia*(t, s).

S
Hence,
4 * ’ * * 1 * 2 =T 1 * 2
o <t7 S)U(ta S) ds = o (t7 S)d(O' (tv S)) = 5 (U (t7 S)) = 5 (J <t7T)) ’
t t s=t
since o*(¢,¢) = 0. Substituting this into (33)), we arrive at (30). O
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It is solvable and o(t,T") > 0, the solution {f;},c[o7 must be unique. Indeed,
{0 }1ep0,77 is uniquely given by
_at,T)
ot T)

Gt —U*(t7T)

Therefore, the second fundamental theorem of asset pricing implies that the bond market is
complete, i.e., all interest rate derivatives are hedgeable by trading zero-coupon bonds with
different maturities.

Under the risk-neutral measure @, using , we can express the forward rate dynamics
as follows:

df(t,T) = a(t, T)dt + o(t,T) dB,
= (a(t,T) — o(t,T)6;) dt + o(t,T) dB;
= o*(t,T)o(t,T)dt + o(t, T) dB,. (34)
Therefore, under IF), the drift term and the dynamics of f(¢,7) is uniquely determined by
the volatility structure o(¢,T") through the no-arbitrage condition. Consequently, the HJM

framework reduces the modeling problem to the specification and calibration of the volatility
function o (¢, 7).

3.3 Connection with the Affine Yield Model

In this subsection, we show an affine-yield term structure model can be identified as a HJM
model with the associated coefficients o and o for the forward rate dynamics.

For simplicity, we consider the one-factor model (Hull-White and CIR). In these models,
the interest rate {r;},cp0,7) and the bond price { P(t,T') }e0,r) are given by
th = /B(ta Tt) dt + 7(257 Tt) dgta
P(t,T) — e—TtC(t,T)—A(t,T)7

for some functions A and C.

Using , we have

9 oty + Law ).

d
f&,T)=——mP(t,T)= Tt T 5T

dT

By Ito’s lemma,

df(t,T) = iC(t, T)dr; + rti(]’(t, T)dt + iA’(t, T)dt

oT oT oT
= iO(t T) (ﬁ(t ) dt + (1 )d§> + i(J’(t T)dt + iA’(t T)dt
- 8T ) » Tt ANZRL’ t T 8T ) 8T )
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= |p(t, rt)iC(t, T) + rti(}”(t, T)+ iA’(zﬁ, T)| dt +~(t, rt)iC(t, T) dB,.

oT oT or oT
By identifying with the HJM forward rate model, we have
o(t,T)=n~(t,r )iC’(t T)
) =71 GT ) )
(t,T)o(t, T) = p(t )QC(t T) + iC’(t T)+ iA/(t T)
o ) alt, - y Tt aT 9 Tt 8T ) 8T )

Substituting the first equation to the second, and using the fact that o*(¢,T) = ftT o(t,s)ds,
we have

0 9 o
Bt 1) 5= C(tT) 4 rimmC' (4 T) + S A T)

- wm)a%caj) /t ' (’y(t,rt)%C(t, s)) ds

= (¢, rt)a%C'(t, T)[C(ts)]Zy

= 2(t7) g CLT) O T) = Cl0,1)
= (1, r)C( T) SO0, T), (35)
since C(t,t) = 0.

It can be verified that both the Hull-White model (including the Vasicek model) and
the CIR model satisfy . Therefore, these models can be identified as no-arbitrage HJM

models.

Further Readings

1. Implementations of the HIJM model;
2. London interbank offered rate (LIBOR) model;
3. Forward measures;

4. Caplets and their pricing formula.
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